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Abstract 

Let Ai be a semi-finite factor and let J{M) be the set of operators T in M such 
that T = ETE for some finite projection E. In this paper we obtain a representation 
theorem for unitarily invariant norms on in terms of Ky Fan norms. As an 

application, we prove that the class of unitarily invariant norms on J7(A4) coincides 
with the class of symmetric gauge norms on a classical abelian algebra, which gen- 
eralizes von Neumann's classical result [28] on unitarily invariant norms on M n (C). 
As another application, Ky Fan's dominance theorem [7J is obtained for semi-finite 
factors. Some classical results in non-commutative L p -theory (e.g., non-commutative 
Holder's inequality, duality and reflexivity of non-commutative L p -spaces) are ex- 
tended to general unitarily invariant norms related to semi-finite factors. We also 
prove that up to a scale the operator norm is the unique unitarily invariant norm 
associated to a type III factor. 
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1 Introduction 

F.J. Murray and J. von Neumann [T51, [T6], [TTJ, [26J, [2T] introduced and studied certain algebras 
of Hilbert space operators. Those algebras are now called "Von Neumann algebras." They 
are strong-operator closed self-adjoint subalgebras of all bounded linear transformations 
on a Hilbert space. Factors are von Neumann algebras whose centers consist of scalar 
multiples of the identity operator. Every von Neumann algebra is a direct sum (or "direct 
integral") of factors. Thus factors are the building blocks for general von Neumann alge- 
bras. Murray and von Neumann [15] classified factors into type I n , 1^, Hi, IIqo, III factors. 
Type I n and 1^ factors are full matrix algebras: M n (C) and B(TC). Type I ra and Hi factors 
are called finite factors. There is a unique faithful normal tracial state on a finite factor. 
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Factors except type III factors are called semi-finite factors. A semi-finite factor admits a 
faithful normal tracial weight. 

The unitarily invariant norms on type I n factors were introduced by von Neumann [28] 
for the purpose of metrizing matrix spaces. Von Neumann, together with his associates, 
established that the class of unitarily invariant norms on type l n factors coincides with the 
class of symmetric gauge norms on C n . These norms have now been variously generalized 
and utilized in several contexts. For example, Schatten [211 E2] defined unitarily invariant 
norms on two-sided ideals of completely continuous operators in type loo factors; Ky Fan [7] 
studied Ky Fan norms and obtained his dominance theorem. The unitarily invariant norms 
play a crucial role in the study of function spaces and group representations (see e.g. [T2] ) 
and in obtaining certain bounds of importance in quantum field theory (see [21] )• For his- 
torical perspectives and surveys of unitarily invariant norms, see Schatten [2TJ[22], Hewitt 
and Ross [II] . Gohberg and Krein [9] and Simon [22]. 

In [1], a structure theorem for unitarily invariant norms on finite factors is obtained. 
The main purpose of this paper is to set up a structure theorem for unitarily invariant 
norms related to arbitrary factors, which has a number of applications. 

In this paper, a semi-finite von Neumann algebra (_M,r) means a von Neumann alge- 
bra M. with a faithful normal tracial weight r, and a Hilbert space TC means the separable 
infinite-dimensional complex Hilbert space. If (Ai,r) is a finite von Neumann algebra, we 
assume that r(l) = 1. If M. = B(Ti.), we assume that r = Tr, the classical tracial weight 
on B(7i). This paper is organized as the following. 

In section 2, we define the s- numbers of operators in a semi-finite von Neumann algebra 
(A4, t) from the point of view of non-increasing rearrangements of functions. 

In section 3, we study various norms related to a semi- finite von Neumann algebra 
(Ai,r). Let J(M) be the set of operators T in Ai such that T = ETE for some finite 
projection E. Then J(M) is a hereditary self-adjoint two-sided ideal of M.. If A4 is a 
finite von Neumann algebra, then J^(Ai) = A4. If M. = B(7i), we simply write Ji^H) 
instead of J{B{7i)). Note that J(H) is the set of bounded linear operators T on Ti such 
that both T and T* are finite rank operators. A unitarily invariant norm ||| • ||| on J{M) 
is a norm on J{M) satisfying |||[/TV||| = |||T||| for all T G J{M) and unitary operators 
U, V in A4. For a semi- finite von Neumann algebra (A4,t), let Aut(A4,r) be the set of 
*-automorphisms on M. preserving r. A symmetric gauge norm ||| • ||| on J(M) is a norm 
on J{M) such that |||T||| = ||| \T\ ||| (gauge invariant) and |||#(T)||| = |||T||| (symmetric) for all 
operators T G J{M) and 9 G Aut(.M, r). A norm ||| ■ ||| on J{M) is a normalized norm if 
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I £J I = 1 for a projection E in Ai such that r(E) = 1. We will reserve the notation || • || 
for the operator norm on a von Neumann algebra. 

In section 4, we define and study the normalized Ky Fan norms related to semi-finite von 
Neumann algebras. To illustrate difficulties one may encounter in studying of the unitarily 
invariant norms related to infinite factors, we point out here one example. The following 
result plays a key role in the studying of unitarily invariant norms on finite factors: if ||| • ||| 
is a normalized unitarily invariant norm on a finite factor (A4,t), then 

||T||i < |||T|| < ||T|| 

for all T G At, where ||T||i = t(|T|) (see Corollary 3.34 of [1]). However, the above result 
is not true for infinite factors (see Proposition I4.6p . 

In section 5, we study the dual norms of symmetric gauge norms on J(Ai). Let (Ai, r) 
be a semi-finite von Neumann algebra and let ||| • ||| be a norm on <J{Ai). For T e J~(At), 
define 

|||T||| # = sup{|r(TX)| : X E J(M), \\X\\ < 1}. 

In this section, we also compute the dual norms of Ky Fan norms and prove that ||| • |||** = 
I • I under certain conditions. 

A representation theorem (Theorem I6.4p for symmetric gauge norms on J{AA) is set 
up in section 6, which is the main result of this paper. In the rest sections of this paper, 
we give a number of applications of the representation theorem. 

In section 7, we set up a representation theorem for unitarily invariant norms related 
to semi-finite factors and representation theorems for symmetric gauge norms related to 
the classical abelian von Neumann algebras Z°°(N) and L°°[0, oo). 

In section 8, we prove that there is a one-to-one correspondence between unitarily in- 
variant norms on <J{Ai) for a semi- finite factor Ai and symmetric gauge norms on J (A) 
for a classical abelian von Neumann algebra A, which generalizes von Neumann's classical 
result [2S] on unitarily invariant norms on type I n factors. Furthermore, we establish the 
one to one correspondence between the dual norms on J(Ai) for a semi- finite factor Ai 
and the dual norms on J {A), which plays a key role in the studying of duality and reflex- 
ivity of the completion of J{Ai) with respect to unitarily invariant norms. 

Ky Fan's dominance theorem for semi- finite factors is proved in section 9. 
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Let A4 be an infinite semi-finite factor and ||| • ||| be a unitarily invariant norm on A4. We 
denote by i7(A^)|.|| the completion of J(A4) with respect to ||| ■ |||. Let A4 be the completion 
of AA with respect to the measure topology in the sense of Nelson [18]. In section 10, we 
prove that there is an injective map from J7"(A^)|.| into AA that extends the identity map 
from J{AA) onto J{Ai). The reader should compare the proof of Proposition 110. 101 and 
the proof of Proposition 12.3 of [4J to see the big difference between two cases: type Hi 
case and type case. An element in AA. can be identified with a closed, densely defined 
operator affiliated with AA (see [IB]). So generally speaking, an element in J(M)^ should 
be treated as an unbounded operator. In section 10, we also extend the non- commutative 
Holder's inequality to the general unitarily invariant norms. 



In section 11, we study the duality and reflexivity of J(M)i.\i for infinite semi-finite 
factors. We point out another example of difference between two cases: finite factors and 
infinite semi-finite factors. Let Af be a type Hi factor with a faithful normal state tjj. Let 

1 • I be a unitarily invariant norm on M and let ||| • |||* be the dual unitarily invariant norm 
on Af. The following result is proved in [I]: A/|.|# is the dual space of A/|.| if and only 
if If ■ I is a continuous norm on Af, i.e., lim r (£)^ + = 0. A key step to proving the 
above result is based on the following fact: if ||| • ||| is a continuous unitarily invariant norm 
on Af and (ft G Afj\.\\ , then the restriction of 4> to Af is an ultraweakly continuous linear 
functional, i.e., is in the predual space of Af. However, it is easy to see that the similar 
result is not true for infinite semi- finite factors A4, e.g., A4 = BifH). 

Acknowledgements: In the two semesters from 2006-2007, the first author learned a lot of 
mathematics from Professor Eric Nordgren. The first author expresses his deep gratitude 
to Eric for his teaching, encouragements and many valuable suggestions. 

2 Preliminaries 

2.1 Nonincreasing rearrangements of functions 

Throughout this paper, we denote by m the Lebesgue measure on [0, oo). In the following, 
a measurable function and a measurable set mean a Lesbesgue measurable function and a 
Lebesgue measurable set, respectively. Let f(x) be a real measurable function on [0,oo). 
The nonincreasing rearrangement function, f*(x), of f(x) is defined by 

f*(x) = sup{y : m({/ > y}) > x}, < x < oo. (1) 

We summarize some well-known properties of f*{x) in the following proposition. 
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Proposition 2.1. Let f(x), g(x), f\(x), f2(x), ■ ■ ■ be real measurable functions on [0, oo), 
c be a real number. Then we have the following: 

1. f*(x) is a nonincreasing, right- continuous function on [0, oo) such that /*(0) = 
essupf(x); 

2- (f + c)* = r + c; 

3. (cf)* = cf* ifc>0; 

4- if f{x) is a simple function, then f*(x) is also a simple function; 

5. if f(x) < g(x) for almost allx, then f*{x) < g*(x) everywhere; 

7. if 'lim^oo f n (x) = f(x) uniformly, then lim n _,Qo /* (x) = f*(x) uniformly; 

8. if f n (x) converges to f(x) in measure, then lim inf n ^oo fn {x) > f*{ x ) f or ^very x G 
[0,oo); 

9. if f n (x) converges to f(x) in measure, then limsup^^ f£(x) < f*(x) for every 
x G [0, oo) such that f* is continuous at x; 

10. f(x) and f*(x) are equi-measurable, i.e, for any real number y, m({f > y}) = 

™({f* > v}); 

11. f* = g* if and only f(x) and g(x) are equi-measurable; 

12. if fix) and g(x) are bounded functions and J °° f n (x)dx = J °° g n (x)dx for all n = 
0,1,2,-.. , thenr(x) = g*(x); 

13. J °° f(x)dx = J °° f*(x)dx when either integral is well-defined. 
2.2 s- numbers of operators in type 11^ factors 

In [6], Fack and Kosaki give a rather complete exposition of generalized s-numbers of 
r— measurable operators affiliated with semi-finite von Neumann algebras. For the reader's 
convenience and our purpose, we provide sufficient details on s-numbers of bounded op- 
erators in semi-finite von Neumann algebras in this section. We will define s-numbers of 
bounded operators in semi-finite von Neumann algebras from the point of view of non- 
increasing rearrangements of functions. The following lemma is well-known. 
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Lemma 2.2. Let (A,r) be a separable (i.e., with separable predual) diffuse abelian von 
Neumann algebra with a faithful normal tracial weight t on A such that r(l) = oo. Then 
there is a *— isomorphism a from (A, r) onto (L°°[0, oo), J °° dx) such that r = J °° dx ■ a. 

Let Ai be a type II^ factor and let r be a faithful normal tracial weight on M.. For 
T G Ai, there is a separable diffuse abelian von Neumann subalgebra A of M. containing 
\T\. By Lemma \2.2\ there is a ^-isomorphism a from (.A, r) onto (L°°[0, oo), J °° dx) such 
that r = dx ■ a. Let /(x) = ct(|T|) and let f*(x) be the non- increasing rearrangement 
of f(x) (see ([1])). Then i/je s- numbers ofT, /i s (T), are defined as 

fM 8 {T) = f*{s), < s < oo. 

Lemma 2.3. /J* S (T) does not depend on A and a. 

Proof. Let A\ be another separable diffuse abelian von Neumann subalgebra of M. contain- 
ing \T\ and suppose (3 is a ^-isomorphism from onto L°°[0, oo) such that r = J °° <ix ■ /3. 
Let g(x) = (3{\T\). For every number n — 0, 1, 2, • • • , J °° f n (x)dx = r(\T\ n ) = J °° g n (x)dx. 
Since both /(x) and ^(x) are bounded positive functions, by 12 of Proposition |2"TT| f*(x) = 
g*(x) for all x e [0, oo). □ 

Corollary 2.4. For T e M and p > 0, r(\T\ p ) = n s (T) p ds. 

Lemma 2.5. Let E, F be two projections in M. Ifr(E- L ) < t(F ± ) < oo, then t(EAF- l ) > 
0. 

Proof. By Proposition 2.5.14 of [6J (page 119, vol 1), R(F ± E ± ) = F ± - E A F ± , where 
R(F ± E- L ) is the range projection of F ± E ± . Therefore, 

t(E A F 1 ) = t(F x ) - t(R(F ± E ± )) > t(F x ) - t(E ± ) > 0. 

□ 

Let V(Ai) be the set of projections in Ai. The following lemma says that above 
definition of s-numbers coincides with the definition of s-numbers given by Fack and Kosaki. 

Lemma 2.6. For < s < oo, 

fi s (T) = fnf{||T£|| : E G V(M), t(E l ) = s}. 

Proof. By the polar decomposition and the definition of n s {T), we may assume that T is 
positive. Let A be a separable diffuse abelian von Neumann subalgebra of M. containing T 
and let a be a ^-isomorphism from A onto L°°[0, oo) such that r = J °° dx ■ a. Let f(x) = 
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ct(T) and let f*(x) be the nonincreasing rearrangement of f(x). Then fi s (T) = f*(s). By 
the definition of /*, 



Since /* and / are equi- measurable, m({f > fi s (T)}) < s and m({f > // g (T)}) > s. 
Therefore, there is a measurable set A of [0, oo), {/ > /x s (T)} C [0, oo) \ Ac {/ > /i s (T)}, 
such that m([0, oo) \ A) = s and ||/(x)xa(^) IU = A^CO and \\f{x)xB{x) ||oo > A^CO for 
every 5 C [0, oo) \ A such that m(5) > 0. Let F = a -1 ^). Then r(F x ) = s, ||TF|| = 
II c^ 1 (/Xa) II oo = Hs(T) and ||TF'|| > /x s (T) for any nonzero subprojection F' of F" 1 . This 
proves that a* s (T) > inf{||T£'|| : F G 'P(.M), t(-E'" L ) = s}. Similarly, for any e > 0, there is 
a projection F e £ M. such that r(F e L ) = s + e, ||TF e || = fi s+e (T) and ||TF'|| > fi s+e {T) for 
any nonzero subprojection F' of F^~. Suppose E e M is a projection such that t(£ ,± ) = s. 
By Lemma [531 r(E A F^) > 0. Hence, \\TE\\ > \\T(E A i^)|| > fi s+e {T). This proves 
that inf{||TF|| : F G 'P(.M), t(£'- l ) = s} > fi s+e (T). Since (J> S (T) is right-continuous, 
A* S (F) < inf{||T£'|| : i? G P(.M), r(E ± ) — s}. □ 

Corollary 2.7. Let S,T e M. Then fi 8 (ST) < \\3\\fi a (T) for s G [0,oo). 

We refer to [5, 6j for other interesting properties of s-numbers for operators in type ILx, 
factors. 

2.3 s-numbers of operators in semi- finite von Neumann algebras 

An embedding of a semi-finite von Neumann algebra (Ai,r) into another semi-finite von 
Neumann algebra (Ai\, 7~i) means a *-isomorphism a from A4 to A\\ such that r = t% • a. 
Every semi-finite von Neumann algebra can be embedded into a type IIqo factor. 

Definition 2.8. Let (Ai, r) be a semi-finite von Neumann algebra and T G Ai. If a is an 
embedding of (Ai,r) into a type 11^ factor (A^i,ri), then the s-numbers ofT are defined 

as 



Similar to the proof of Lemma T2.31 we can see that fi s (T) is well defined, i.e., does not 
depend on the choice of a and Ai\. 

Let T G (B(T~l), Tr) be a finite rank operator, where TC is the separable infinite dimen- 
sional complex Hilbert space and Tr is the classical tracial weight on B(7i). Then |T| is 




< s 



and 




> s. 



Hs{T) = n s (a(T)), < s < oo. 
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unitarily equivalent to a diagonal operator with diagonal elements sj.(T) > s%(T) > • • • > 0. 
In the classical operator theory [9], si(T), s 2 (T), • • • are also called s-numbers of T. It is 
easy to see that the relation between fi s {T) and Si(T), s 2 (T), • • • is the following 

/i s (T) = Sl (T)x[ ,i)(s) + s 2 (T) X[ i, 2 )(s) + ■■■ . (2) 

Since no confusion will arise, we will use both s-numbers for a finite rank operator in 
(B(TC), Tr). We refer to [H [9] for properties of s-numbers for finite rank operators in 

(B(H):yv). 

We end this section by the following definition. 

Definition 2.9. Two positive operators S, T in a semi-finite von Neumann algebra (Ai, r) 
are equi-measurable if fi s (S) = fi s (T) for < s < oo. 

By 12 of Proposition 12.11 and Corollary I2.4[ positive operators S and T in a semi-finite 
von Neumann algebra (Ai,r) are equi-measurable if and only if r(S n ) = r(T n ) for all 
n = 0,1,2, 

3 Semi-norms on J(Ai) 

In this section, (At, r) is a semi-finite von Neumann algebra with a faithful normal tracial 
weight t. Recall that J(At) is the set of operators T in At such that T = ETE for some 
finite projection E. If M. = B(H), we simply write J^K) instead of J{B{7i)). Note that 
J{Ti.) is the set of bounded linear operators T on H. such that both T and T* are finite 
rank operators. 



3.1 Gauge invariant semi- norms on J{M) 

Definition 3.1. Let (_M,r) be a semi-finite von Neumann algebra. A semi-norm ||| • ||| on 
J{M) is gauge invariant if |||T||| = ||| \T\ ||| for all T G J{M). A semi-norm ||| • ||| on J{M) 
is called left unitarily invariant if for all unitary operators U in M. and all T in J~(Ai), 
I [/T||| = I T |||. 

Lemma 3.2. Let (Ai,r) be a semi-finite von Neumann algebra and let ||| • ||| be a left 
unitarily invariant semi-norm on J{M). If T G J(M) and A G M., then AT G J{M) 
and \\AT\\ < \\A\\ ■ \\T\\. 

Proof. It is easy to see that AT G J {M)- We need to prove that if ||A|| < 1, then |||AT||| < 
I T |||. Since ^A\\ < 1, there are unitary operators U\,--- , Uk such that A = j7l+ ' fc +Lffc 
(see [T3l [20] ). Since ||| • ||| is a left unitarily invariant semi-norm on J~(Ai), 

CAT + • • • + U,.T ... II C7i Till + ■ ■ ■ + IIICATIII 
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□ 

Lemma 3.3. Let (AA, r) be a semi-finite von Neumann algebra and let ||| • ||| be a semi-norm 
on J{A4). Then ||| • ||| is gauge invariant if and only if ||| • ||| is left unitarily invariant. 

Proof. Note that \UT\ — \T\ for all T G J(M.) and unitary operators U in AA. If ||| ■ ||| is 
gauge invariant then ||| ■ ||| is left unitarily invariant. Conversely, suppose ||| ■ ||| is left unitarily 
invariant. By Lemma [3.21 |||T||| = |V|T| ||| < ||| \T\ ||| and ||| |T| ||| = |||V*T||| < |T|. Hence, 
I • I is gauge invariant. □ 

Corollary 3.4. Let (A4,t) be a semi-finite von Neumann algebra and let ||| • ||| be a gauge 
invariant semi-norm on J{M). If 'T G J{AA) and < S < T, then S G J{M) and 
\\S\\<\\T\\. 

Proof. Since < S < T, there is an operator A G A4 such that S = AT and \\A\\ < 1. By 
Lemma O and Lemma E31 S G J(M) and \\S\\ = \\AT\\ < \\A\\ ■ \\T\\ < |||T|||. □ 



3.2 Unitarily invariant semi-norms on J{M) 

Definition 3.5. Let (A4,t) be a semi-finite von Neumann algebra. A semi-norm ||| ■ ||| on 
J(M.) is unitarily invariant if |||{7TV||| = |||T||| for all T G J(M) and unitary operators 
U,VeM. 

Proposition 3.6. Let ||| ■ ||| be a semi-norm on ^T(Ai). Then the following statements are 
equivalent: 

1. I • I is unitarily invariant; 

2. If ■ If is gauge invariant and unitarily conjugate invariant, i.e., \UTU* \ = |||T||| for all 
T G J^(Ai) and unitary operators U G Ai; 

3. If ■ If is gauge invariant and |||T||| = |||T*||| for all T G J{M); 

4. for all operators A, B G M and T G J(M), \\ATB\\ < \\A\\ ■ |||T||| • ||B||. 

Proof. "1 ^> 4" is similar to the proof of Lemma [3.21 

"4^3". Let T = V\T\. Then T* = \T\V*. By 4 and simple arguments, |||T||| = |||T*|||. 

"3 => 2". By Lemma £T3] and 3, |||C/TC/*||| = \\TU*\\ = \\UT*\\ = \\\T*\\\ = |||T|||. 

"2 ^> 1". Suppose I • I is gauge invariant and unitarily conjugate invariant. Let 
U, V G M be unitary operators and T G J(M). By LemmaE3 ||^TV|| = |||y*FC/TF||| = 
\\VUT\\ = |||T|||. 

□ 

Corollary 3.7. Let ||| • ||| be a unitarily invariant semi-norm on J{M) and let E, F be two 
equivalent projections in J(M). Then \E\ = \\F\\. 
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3.3 Symmetric gauge semi-norms on J{M) 

Definition 3.8. Let (Ai,r) be a semi-finite von Neumann algebra and let Aut(.M,r) be 
the set of *-automorphisms on Ai preserving r. A semi-norm ||| • ||| on J{M) is called 
symmetric (with respect to r) if 

||0(T)|| = «r||, VT G J(M), 6 G Aut(A4,T); 

a semi-norm ||| • ||| on J(M) is called a symmetric gauge semi-norm if it is both symmetric 
and gauge invariant on J(M). 

Example 3.9. The abelian von Neumann algebra C n is a finite von Neumann algebra with 
a classical tracial state r((x 1: ■ • • , x n )) = Xl+ " n +Xn . In this case, J(C n ) = C n . A norm ||| • ||| 
on C n is a symmetric gauge norm if and only if for every (xi, • • • , x n ) G C n , 

1- |||(a:i,- •• ,x 2 )\\ = III | , — , \x n \)\\ and 

2. || (xi, • • • ,x n )j = 1(^(1), • • • ^(n))! for every permutation n of {1, • • • ,n}. 

Example 3.10. The abelian von Neumann algebra Z°°(N) is a semi-finite von Neumann 

algebra with a classical tracial weight t((x 1: x 2) ■■■))= X\ + x 2 H • It is easy to see that 

i7(Z°°(N)) = c o consists of (xi,x 2 , • • •) with x n = except for finitely many n. A norm 
I ■ I on J7"(/°°(N)) is a symmetric gauge norm if and only if for every (xi, x 2 , • • • ) G c o, 

1. |||(xi,x2,---)lll = KkiU^I,---)! and 

2. |||(xi,X2, • • •)! — 1(^(1), ^tt(2), • • •)! f or every permutation it of N. 

Example 3.11. The abelian von Neumann algebra L°°[0, 1] is a finite von Neumann alge- 
bra with a classical tracial state r = dx. In this case J7"(L°°[0, 1]) = L°°[0, 1]. A norm 
I ■ I on L°°[0, 1] is a symmetric gauge norm if and only if for every f(x) G L°°[0, 1], 

1- lll/WI = ||/(*)| III and 

2- 1/(^)1 — ll/^C^))! f° r every invertible measure preserving map of [0, 1]. 

Example 3.12. The abelian von Neumann algebra L°°[0, oo) is a semi-finite von Neumann 
algebra with a classical tracial weight r = J °° dx. A norm ||| ■ ||| on J(L°°[0, oo)) is a 
symmetric gauge norm if and only if for every f(x) G J7"(L°°[0, oo)), 

1- Ill/Will = Ill/Will ^d 

2- III / 0*0 II = |/(0( a; ))lll fo r every invertible measure preserving map <f> of [0, oo). 

Lemma 3.13. Let (A4, t) be a semi-finite von Neumann algebra and let |||-||| be a symmetric 
gauge semi-norm on J(M). Then ||| • ||| is a unitarily invariant semi-norm on J{M). 
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3.4 Symmetric gauge norms on (Me,te) 

In this paper we are interested symmetric gauge semi-norms on J~(A4), where (Ai,r) is 
one of the following semi-finite von Neumann algebras: 

• M. = B(7i) and r = Tr on B(7i), where 7i is the separable infinite dimensional 
complex Hilbert space; 

m M = /°°(N) and r((xx, x 2 , ■■■))= x 1 + x 2 -\ ; 

• M. is a type IIqo factor and r is a faithful normal tracial weight on A4; 

• M = L°°[0, oo) and r = / °° dx. 

Note that in each case, Aut (.M,t) acts on M. ergodically. Recall that Aut(A4,r) acts 
on M ergodically if 9{T) = T for all 9 G Aut{M,r) implies T = XI. Let E, F be finite 
projections in M. such that r(E) = t(F). If Aut(A4,r) acts on M. ergodically, there is a 
9 G Aut(A4,r) such that 9(E) = F. Furthermore, if ||| • ||| is a symmetric gauge semi-norm 
on <J(M), then \E\ = \\F\\. In this case, a semi-norm ||| • ||| on J(M) is called a normalized 
symmetric gauge semi-norm if = 1 whenever t(E) = 1. 

Let (A4, t) be one of the above semi- finite von Neumann algebras. For every (non-zero) 
finite projection E in M, let M E = EME and t e (ETE) = Then {M E ,r E ) is a 

finite von Neumann algebra satisfying the weak Dixmier property (see jl]), i.e., for every 
positive operator T G Ai E , t e (T)E is in the operator norm closure of the convex hull of 
{S G M. E : S and T are equi-measurable}. So in the following sections we will always 
assume that (A4,r) satisfies the following conditions: 

A. (M, t) is a semi-finite von Neumann algebra such that Aut(A^, r) acts on A4 ergod- 
ically; 

B. for every non-zero finite projection E in A4, (M E , t e ) is a finite von Neumann algebra 
satisfying the weak Dixmier property. 

With the above assumptions, it is easy to show that if E is a finite projection of A4, 
then Ant(A4 E ,T E ) acts on M. E ergodically. 

A simple operator in a semi-finite von Neumann algebra (Ai,r) is an operator T = 
aiE% + • • • + a n E n , where Ex, • • • ,E n are mutually orthogonal projections. The following 
lemma is Corollary 3.7 of [1]. 

Lemma 3.14. Let M be a finite von Neumann algebra with a faithful normal tracial state 
t n . Let I ■ \i and ||| ■ || 2 be two gauge invariant semi-norms on N '. Then ||| ■ fx = ||| • || 2 on 
M if If Tlx = I T If 2 for all positive simple operators T G M ■ 
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Lemma 3.15. Let (A4,t) be a semi-finite von Neumann algebra satisfying the conditions 
A and B and let ||| • ||| be a symmetric gauge semi-norm on J(M). If E G A4 is a finite 
projection, then the restriction of ||| • ||| to (A4 e, t e ) is also a symmetric gauge semi-norm 
on {M e ,t e )- 

Proof. It is obvious that the restriction of ||| • ||| to (A4 e, t e ) is also a gauge semi-norm on 
(Me,t e ). Let 6 G Aut(M E ,T E ). Define ||S| 2 = \\\6(S)\\ for S G M E . We need to prove 
If ■ I = If • 1 2 on A4 E . Let T = a\E\ + • ■ • + a n E n be a simple positive operator in A4 E , 

where E x H h E n = E. Then 6(T) = aiB{E x ) + ■■■ + a n 0{E n ). Since 6 G Aut(M E , r E ), 

r(Ek) = r(9(Ek)) for 1 < k < n. By the assumption of the lemma, Aut(A / i,r) acts 
on A4 ergodically. Therefore, there is a 6' G Aut(.M,r) such that 6\Ek) = 9(Ek) for 
1 < A; < n. Bence, 8'(T) = 6(T). Since ||| • ||| is a symmetric gauge semi-norm on J~(A4), 
in = \W(T)\\\ = p(T)\l = ||T|| 2 . By Lemma EH ||| • ||| = ||| • ||| 2 on (M e ,t e ). This 
implies that the restriction of ||| • ||| to (M. e, t e) is also a symmetric gauge semi- norm on 
(M e ,t e ). □ 

The following lemma is Theorem 3.27 of [1]. 

Lemma 3.16. Let Af be a finite von Neumann algebra with a faithful normal tracial state 
T/v • Then Af satisfies the weak Dixmier property if and only if Af satisfies one of the 
following conditions: 

1. Af is finite dimensional {hence atomic) and for every two non-zero minimal projec- 
tions E,F G Af, t(E) = t(F), or equivalently, (Af,Tj^) can be identified as a von 
Neumann subalgebra of (M n (C),r n ) that contains all diagonal matrices; 

2. Af is diffuse. 

Corollary 3.17. Let (A4, r) be a semi-finite von Neumann algebra satisfying the conditions 
A and B and let ||| • ||| be a normalized symmetric gauge norm on A4. If F is a finite 
projection in A4 such that t(F) > \, then \F\ > 1. 

Proof. Let E\ G A4 be a finite projection such that t(E\) = 1 and |||£a||| = 1. There exists 
a finite projection E G A4 such that Ex,F < E. By Lemma [3.151 the restriction of ||| • ||| 
to (A4 E ,r E ) is also a symmetric gauge semi-norm on (A4 E ,r E ). Since A4 E satisfies the 
weak Dixmier property, there is a projection F\ G A4 E such that F% < F and t(Fi) = 1 
by Lemma T3.161 Since Aut(A / i J E, t e ) acts on A4 E ergodically, |||Fi||| = |||-Ei||| = 1. By 
Corollary [331 > 1^1 1|| = 1. □ 



The following lemma is Corollary 3.36 of [1] 
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Lemma 3.18. Let Af be a finite von Neumann algebra with a faithful normal tracial state 
r N . Suppose Af satisfies the weak Dixmier property and Aut(jV, r) acts on Af ergodically. 
If I • I is a symmetric gauge semi-norm on Af, then for every T e Af, 

\\T\\i • 1 1 1 < |||T||| < ||T|| • |||1 1, 

where \\T\\ X = t^{\T\). 

Corollary 3.19. Let (A4, r) be a semi-finite von Neumann algebra satisfying the conditions 
A and B. // ||| • ||| is a normalized symmetric gauge semi-norm on J(A4), then ||| • ||| is a 
symmetric gauge norm on J{A4). 

Proof. Let T £ J(A4). Then there is a finite projection E in A4 such that T = ETE e 
(A4e,t~e)- We may assume that r(E) > 1. By Lemma 13.151 the restriction of ||| ■ ||| to 
(A4e,t~e) is also a symmetric gauge semi- norm. If T ^ 0, then by Lemma 13.181 and 
Corollary 13. 17[ |||T||| > r^(|T|) • |||£'||| > 0. So ||| • ||| is a symmetric gauge norm on J(A4). □ 

The following lemma is Corollary 4.4 of [1]. 

Lemma 3.20. Let Af be a finite von Neumann algebra with a faithful normal tracial state 
tn, and let ||| ■ ||| ■ | 2 be two symmetric gauge norms on A". Suppose A" satisfies the 
weak Dixmier property and Aut(A/", r) acts on A" ergodically. Then ||| -11 = ||| ■ I2 on A" if 
|||r|||i = IIITI2 for every operator T = aiEi + ■ • • + a n E n in A" such that a±, ■ ■ • , a n > and 
r^E,) = ■ ■ ■ = r M (E n ) = \, n = 1, 2, • ■ ■ . 

Lemma 3.21. Let (A4,t) be a semi-finite von Neumann algebra satisfying the conditions 
A and B. Suppose ||| • |||i and ||| • I2 are two symmetric gauge norms on J{A4). Then 
III ' Hi = III ' lb on J{M) z/ I T |||i = I T 1 2 for every simple positive operator T in J(A4) such 
that T = aiEi + • • • + a n E n and t(Ei) = ■ ■ ■ = r(E n ). 

Proof. Suppose |||T|||i = |[T|||2 for every simple operator T in J(A4). Let S G J(Ai). 
Then there is a finite projection E in KA such that S = ESE e A4e- By Lemma 13.151 
the restrictions of ||| • |||i and ||| • || 2 to (A4e,t~e) are two symmetric gauge norms. Since 
I T |||i = IIITII2 for every simple operator T in AAe such that T = d\E\ + • • • + a n E n and 
T (Ex) = ■■■ = r{E n ), I • Hi = I • I2 by Lemma ELM □ 

Proposition 3.22. Let (A4,r) be a semi-finite factor and let ||| • ||| be a norm on J{A4). 
Then the following conditions are equivalent: 

1. II ■ II is a symmetric gauge norm; 

2. I ■ I is a unitarily invariant norm. 
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Proof. "1 =>- 2" is obvious. We only prove "2 =>- 1". We need to prove that for every 
positive operator T G J(M) and 9 G Aut(A4,r), |||0(T)||| = |||T|||. Let S = 9{T). Then 
S G ^(^Vl). Therefor, there is a finite projection E in .M such that S,T & A4 E . By the 
spectral decomposition theorem, there is a sequence of simple positive operators T n G M.e 
such that S n = 9{T n ) E A4e and lim^oo \\T n — T\\ = lim^^ \\S n — S\\ = 0. By Lemma |3.18[ 
|||T — T n \\ < \\T — T n \\ ■ \\E\l and \\S — S n \\ < \\S — S n \\ ■ \\E\\. Hence, lim^oo |||T — T n \\ = 
lim n _^oo \\S — S n \\ = 0. We need only prove |||T n ||| = fS n \\ for all n = 1, 2, • • • . Suppose 

T n = aiEi H h a m E m . Then S n = 6(T n ) = aiF x H h a m F m , where 9(E k ) = F k for 

1 < k < m. Since 9 G Aut(.M,r), r(Ek) = T~(Fk) for 1 < k < m. Since M. is a factor, 
there is a unitary operator U E M. such that = UFkU* for 1 < /c < m. Therefore, 
S n = UT n U* and \\T n \l = \lS n \\. □ 



3.5 Semi-norms associated to von Neumann algebras 

Definition 3.23. Let M. be a von Neumann algebra (not necessarily semi-finite). A 
[generalized) semi-norm associated to M. is a map ||| • ||| from M. to [0, oo] satisfying the 
following properties: 

1. I AT||| = |A| • |||T|||, 

2. \\S + T\\ < \\S\\ + |||T||| 

for all S,T e M and A G C. To make the definition nontrivial, we always make the 
following assumption: < |||T||| < oo for some non-zero element T G M. 

Let X = {T G M. : |||T||| < oo}. Then X is called the domain of the semi-norm ||| ■ |||. 

Definition 3.24. Let (Ai,r) be a semi-finite von Neumann algebra. A semi-norm ||| • ||| 
associated to M. is called gauge invariant if for all T G M., |||T||| = ||| |T| |||; a semi- norm 
I • I associated to M. is unitarily invariant if |||Z7TV||| = |||T||| for all T G A4 and unitary 
operators U, V G .M; a semi-norm ||| • ||| associated to a semi-finite von Neumann algebra 
(A4,r) is called symmetric if 

|||0(T)||| = |||T|||, WTeM,9e Aut(A4,r); 

a semi-norm ||| • ||| associated to (A4, r) is called a symmetric gauge semi-norm if it is both 
symmetric and gauge invariant. 

Similar to the proof of Proposition 13.61 we can prove the following proposition. 

Proposition 3.25. Let |||-||| be a semi-norm associated to M.. Then the following statements 
are equivalent: 
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1. I • I is unitarily invariant; 

2. I) • I) is gauge invariant and unitarily conjugate invariant, i.e., \UTU*\ = |||T||| for all 
T G M. and unitary operators U G M.; 

3. If • If is gauge invariant and \T\ = |||T*| for all T G M.; 

4. for all operators T,A,B<E M, \\ATB\\ < \\A\\ ■ \\T\\ ■ \\B\\. 

Corollary 3.26. Let ||| ■ ||| be a semi-norm associated to A4. If S,T G M. and < S < T , 
then \S\ < \T\. 

Corollary 3.27. Let ||| • ||| be a unitarily invariant semi-norm associated to A4 and E, F 
be two equivalent projections in M.. Then \E\ = \\F\\. 

Lemma 3.28. Let ||| ■ ||| be a unitarily invariant semi-norm associated to Ai and let T G M. 

be a nonzero element such that \T\ < oo. Then there is a nonzero projection E in M. 
such that I E ||| < oo. 

Proof. Since ||| • ||| is unitarily invariant, we may assume T > 0. By the spectral decompo- 
sition theorem, there exist a A > and a nonzero projection E in M. such that T > XE. 
By Corollary E2E1 \\E\\ < oo. □ 

The following theorem shows that, up to a scale a > 0, the operator norm || ■ || is the 
unique unitarily invariant semi-norm associated to a type III factor. 

Theorem 3.29. Let A4 be a type III factor and let ||| ■ ||| be a unitarily invariant semi-norm 
associated to A4. Then there exists a > such that ||| ■ ||| = a\\ ■ \\, i.e., |||T||| = a\\T\\ for all 
T <E M. 

Proof. By Lemma 13.281 there is a nonzero projection E in M. such that \E\ < oo. If 
\\E\\ = 0, then |||1||| = by Corollary 13.271 By Proposition I3.25[ for every T m M., 
HI CZ - ' HI < ||T|| ■ If 1 1 = 0. In our definition of semi-norm, we assume that |||T||| > for some 
T G A4. Hence fEf ^ for some projection E in M.. We may assume that |||.E||| = 1. 
By Corollary 13.271 \F\ = 1 for every non-zero projection in M.. In particular, |||1||| = 1. 
By Proposition I3.25| for every T in A4, |||T||| < ||T|| • |||1||| = ||T||. On the other hand, 
let T G M. be a positive operator and e > 0. By the spectral decomposition theorem, 
there is a nonzero projection F in M. such that T > (||T|| — e)F. By Corollary 13.261 
I I ^ (ll^ll — e ) ' III III = ll^ll — e - Hence |||T||| > ||T|| — e. This proves that |||T||| = ||T|| for 
every positive operator T in A4 and therefore for every operator T in M.. □ 

We end this section with the following lemma. 
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Lemma 3.30. Let (M, r) be a semi-finite von Neumann algebra such that Aut(.M, r) acts 
on M. ergodically. If ||| • ||| is a normalized symmetric gauge semi-norm associated to M. 
with domain X, then 1 D J(M) and ||| • ||| is a normalized symmetric gauge semi-norm on 



Proof. Let E be a finite projection in M. such that t(E) = 1. Then = 1. Suppose that 
F is a finite projection in M. such that n < r(F) < n + 1. Note that Aut(A4, r) acts on M. 
ergodically. By induction, there are mutually orthogonal finite projections Ei,E2, - ■ ■ , E n+ i 

in M, t(Ei) = ■■■ = r(E n+1 ) = 1, such that E\ H V E n < F < E\ A h E n+1 . By 

Corollary 13. 26[ |||-F||| < \\Ei + • • • + -E n +i|| < n + 1. So every finite projection is in X. Hence 



4 Ky Fan norms associated to semi-finite von Neu- 
mann algebras 

Let (Ai, t) be a semi-finite von Neumann subalgebra of a type IIqo factor (.Mi, T\) and let 
< t < oo. For T G A^, define |||T|L t ), the Ky Fan t-th norm ofT, by 



Let U(A4) be the set of unitary operators in M. and V(Ai) be the set of projections in 



Lemma 4.1. ForO < t < 1, t\T\ {t) = sup{\rx(UTE)\ : U eU(M 1 ), E 6 V{M X ), n(E) = 
t}. 



Proof. We may assume that T is a positive operator. Let A be a separable diffuse abelian 
von Neumann subalgebra of .Mi containing T and let a be a ^-isomorphism from (A,Ti) 
onto (L°°[0, oo), J °° dx) such that T\ = J °° dx ■ a. Let f(x) = a(T) and let f*(x) be the 
non-increasing rearrangement of f{x). Then /i s (T) = f*{s). By the definition of /*(see 
equation (1) in section 2.1), 



J(M). 



1DJ(M). 



□ 




ll^ll, * = o; 

f f*li s (T)ds, 0<t<l; 
J fi s (T)ds, 1 < t < oo. 




and 
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Since /* and / are equi-measurable, m({f > f*(t)}) < t and m({f > /*(£)}) > t. There- 
fore, there is a measurable subset A of [0, oo), {/ > /*(£)} C A C {/ > /*(£)}, such 
that m(A) = t. Since /(x) and f*(x) are equi-measurable, J A f{s)ds = J* f*(s)ds. Let 
= a~ 1 {xA)- Then n(E') = t and t\{TE') = J A f(s)ds = f* f*(s)ds = t\\T\l [t) . Hence, 
4T% {t) <8a-p{\n(UTE)\ : U EU{M X ),E EV{M X ), n{E)=t}. 

We need to prove that if E is a projection in JAi, Ti(-E) = i, and i7 G W(.Mi), then 
*i?1(t) > \t x {UTE)\. By the Schwartz inequality, \t x (UTE)\ = \t x {EUT 1 / 2 T 1 / 2 E)\ < 
t x (U* EUT) 1 ^ 2 r x (ET) 1 ^ 2 . By Corollary EH r x (ET) = J^ s (ET)ds. By Corollary EH 
Hs(ET) < min{fjL s (T), n s (E)\\T\\}. Note that fi s (E) = for s > r x (E) = t. Hence, 
r x (ET) < f*fi s (T)ds = t\\T\\ t . Similarly, n(U*EUT) < t\\T\\ t . So \r x (UTE)\ < t\\T\\ t . 
This proves that t\\T\\ {t) > sup{\ri(UTE)\ : U E U(M. X ), E E V(Mi), n(E) = t}. 

□ 

Similarly, we can prove the following lemma. 

Lemma 4.2. Fori < t < oo, |||T||| W = sup{|n(C/T^)| : U E U(M X ), E E V{M X ), r x {E) = 
t}. 

Theorem 4.3. For < t < oo, ||| • |||( t ) is a normalized symmetric gauge norm associated 
to (M,t). 

Proof. By the definition of s-number, fi s (T) = /i s (6 l (T)) for T E M. and 9 E Aut(A^,r). 
To prove ||| • fu) is a normalized symmetric gauge norm associated to (Ai, t), we need only 
prove the triangle inequality since other parts are obvious. Let S,T E At. If < t < 1 , 
by Lemma SU t\\S + T\\ {t) = sup{\r x (U(S + T)E)\ : U EU(M X ), E E V(M X ), n(E) = 
t} < su\o{\t x {USE)\ : U E U(Mi), E e V{M x ),t x {E) = t} + sup{|r 1 (C/T J B)| : U E 
U(Mx), E E V(Mi), n(E) = t} = t\\S\l { t) + t\\T\l it) . The proof of the case t > 1 is 
similar. □ 

The following corollary plays a key role in section 10 (see the proof of Lemma [10.61) . 



Corollary 4.4. Let T E M and 5 > 0. If |||T||| (1) < 5, then t(x(6 >O0 )(\T\)) < 



imi 
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Proof. We may assume that Ai is a type 11^ factor and T > 0. By the proof of Lemma H~Tj 

|||T||| (1) = sup{\r(UTE)\ : U E U(M), E E V(M), t(E) < 1}. 

If r(xM )00 )(T)) > 1, then there is a sub-projection E of X(s,ca)(T) such that t(E) = 1. Then 
TE > 5E. Hence, ||T|m > T (TE) > r(8E) = 5. This contradicts the assumption that 
|||T|||(i) < 5. Therefore, t(x(5,oo)(T)) < 1. So |||T||| ( i) > t(Tx(s,o6)(T)) > t(8x(s,oo)(T)) > 
$ T (X{8,oo)(T))- This implies the corollary. □ 
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Proposition 4.5. Let (M, r) be a semi-finite von Neumann algebra andT G (A4, r). Then 
I T I ( 4 ) is a non-increasing continuous function on [0,1] and a non- decreasing continuous 
function on [1, oo]. 

Proof. Let < t x < t 2 < 1. \\T\\ {tl) - ||T| (ta) = £ /J 1 // a (T)ds - ± J * 2 /x s (T)ds = 

— t 2 (t2-ti) — 1 — ^' Since ^s\T) is right-continuous, |||T|||( 4 ) is a non-increasing 

continuous function on [0,1]. Since /i s (T) > for s G [0, oo), |||T|( t ) is a non-decreasing 
continuous function on [l,oo]. □ 

Proposition 4.6. Let (A4,r) be a semi-finite von Neumann algebra satisfying the con- 
ditions A and B in section 3.4, and let ||| • ||| be a normalized symmetric gauge norm on 
J(M). Then for every T G J(M), 

limb < |T|. 

Proof. We can assume that T is a positive operator in J{M). Then there is a finite 
projection F in Ai such that T = FTF G Ai f- We can assume that t(F) = k is 
a positive integer. By the assumption of the proposition, (A4f,tf) satisfies the weak 
Dixmier property. By Lemma 13.161 either (M.f,tf) is a diffuse von Neumann algebra 
or (A4f,tf) is ^-isomorphic to a von Neumann subalgebra of (M n (C),r n ) that contains 
all diagonal matrices. In either case, there is a projection E in A4, E < F, such that 
t(E) = 1 and |||T||| (1) = |||£T£||| (1) . By Corollary EIH and Proposition EH \\ETE\\ < |||T|||. 
By Lemma ElHl \\ETE\\ {1) < \\ETE\\ < |||T|||. □ 

Example 4.7. The Ky Fan ra-th norm of a compact operator T G (B(7i), Tr) is 

fflr| (ft) = Sl (T) + ... + s n (T) 



and 



T||| (oo) = Sl (T) + s 2 (T) + 



Corollary 4.8. Let ||| ■ ||| &e a normalized unitarily invariant norm on B(H). Then for 
every T G J{H), 

si{T)<\\T\\< Sl {T) + s 2 {T) + --- . 



Proof. By Proposition 14.61 S\(T) = |||T|||(i) < \IT\\\. On the other hand, we may assume that 
T is a positive operator in J{7i). Then T is unitarily equivalent to a diagonal operator 
s 1 (T)E 1 + - ■ - + s n (T)E n . Hence, |||T||| = || Sl (T) J B 1 + - • ■+s n {T)E n \\ < s x {T) + - ■ -+s n (T). □ 
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5 Dual norms of symmetric gauge norms on J{M) 

Throughout this section, we assume that (A4,t) is a semi-finite von Neumann algebra 
satisfying the conditions A and B in section 3.4. Recall that J(M) is the subset of M. 
consisting of operators T in Ai such that T = ETE for some finite projection E G M. 
Note that for two operators S,T in J'(Ai), there is a finite projection F in M. such that 
S,T G M F = FMF. 

5.1 Dual norms 

Let I • I be a norm on J(M). For T G JX-M), define 

limits = sup{|r(TX)| : X G ^(.M), < 1}. 
When no confusion arises, we simply write ||| • |||* or ||| • 1^ instead of ||| • 1^ T . 
Lemma 5.1. ||| • |||* is a norm on J(M.). 

Proof. Note that if T G J(M) is not 0, then |||T||| # > > 0. It is easy to check that 

I • I* satisfies other conditions for a norm. □ 

Definition 5.2. ||| • |||* is called the dual norm of ||| • ||| on J(M) with respect to r. 

The following lemma follows simply from the definition of dual norm. 

Lemma 5.3. Let ||| • ||| be a norm on J(M) and ||| • |||* be the dual norm on J(M). Then 
forS,TeJ(M), \t(ST)\<\\SI\-\\T\I*. 

For T G A4, define ||T||i = r(|T|). Then ||T||i = IfTLoo). The following corollary is the 
Holder's inequality for operators in J(M). 

Corollary 5.4. Let ||| ■ ||| be a gauge invariant norm on J{M) and ||| ■ |||* be the dual norm. 
Then for S,T G J(M), \\ST\l, < \\S\\ ■ ||T|||#. 

Proof. By LemmaS^l ||ST||i = \\ST\\ {oo) = swp{\r(UST)\ : U G U(M)}. By LemmaES 
and Lemma [331 \r(UST)\ < \\US\\ ■ |||T||| # = \\S\\ ■ |||T||| # . □ 

Let £ be a (non-zero) finite projection in M.. Recall that M. E = EM.E is a finite 
von Neumann algebra with a faithful normal tracial state t% such that t^(T) = ^| for 
T G M.e- If II • II is a norm on M.E-, the dual norm of T G M.e with respect to r E is defined 
by 

|T|# = su P {\t e (TX)\ :XEM E , |||X||| < 1}. 
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Lemma 5.5. Suppose ||| • ||| is a unitarily invariant norm on J(M). Let E be a non-zero 
finite projection in A4 and T G A4 E - Then 

\\n*M, T = <E).\\Ti* M ^ E . 

Proof. Since T = ETE, for every X G J(M), r(TX) = r(ETEX) = t(ETEEXE) = 
t(E) ■ t e (ETEEXE). If I X I < 1, then |||£X£||| < |||X||| by Proposition This implies 
that 

|||T|||* >T = sup{|r(TX)| : X G J(M), |||X||| < 1} = sup{|r(TX)| : X E M E , \\X\\ < 1} 
= t(E) ■ su V {\r E (TX)\ :XEM E , \\X\\ < 1} = r{E) • \T\% EtTE . 

□ 

The next lemma follows from Proposition 6.5, Proposition 6.6 and Theorem 6.10 of [4J. 

Lemma 5.6. Let M be a finite von Neumann algebra with a faithful normal tracial state 
Tj\f. We have the following: 



1. if I • I is a unitarily invariant norm on Af, then ||| • |||j^ is also a unitarily invariant 



ii # 

norm on Af; 



2. if I ■ I is a symmetric gauge norm on Af, then ||| ■ is also a symmetric gauge 

norm onAf. Furthermore, i/|||l||| = 1, then ||| 1 1|| jy- = 1. 

Combining Lemma 15.51 and Lemma 15.61 we have the following proposition. 

Proposition 5.7. Let ||| • ||| be a norm on J(A4). We have the following: 

1. if I ■ I is a unitarily invariant norm on J{A4), then ||| • |||* is also a unitarily invariant 
norm on J(A4); 

2. if If • I is a symmetric gauge norm on J{A4), then ||| • |||* is also a symmetric gauge 
normonJ{A4). Furthermore, is a normalized norm, i.e., \E\ = 1 ifr(E) = 1, 
then I • I* is also a normalized norm. 

The next Lemma follows from Lemma 6.9 of [3]. 

Lemma 5.8. Let Af be a finite von Neumann algebra with a faithful normal tracial state 
Ttf. Suppose Af satisfies the weak Dixmier property and ||| • ||| is a symmetric gauge norm 
on Af . If T = a\E\ + • • • + a n E n is a positive simple operator in Af, then 

|||T|||J !W = sup !^2a k b k r(E k ) : X = b l E l + ■■■ + b n E n > and |||X||| < 1 j . 
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Lemma 5.9. Let ||| • ||| be a symmetric gauge norm on J(M). If T = a\Ei + • • • + a n E n 
is a positive simple operator in J(M), then 

\\T\\* = sup ^J2a k b k r(E k ) : S = b 1 E 1 + ■■■ + b n E n > 0, |||5||| < l| . 

Proof. Let E — Ei + • — \- E n . By Lemma [5.51 and Lemma [5.81 

II * 

r(E) sup | a kbkT E (E k ) : S = b x E x + ■■■ + b n E n > 0, |||5||| < 1 



||T||| # = t(E) ■ |||T|| I# 



. k=l 



n 



sup \ a khr(E k ) : S = b 1 E 1 + ■■■ + b n E n > 0, \\S\\ < 1 \ . 



. k=l 



5.2 Dual norms of Ky Fan norms 

The following lemma is Lemma 6.11 of [I]. 
Lemma 5.10. For T e (M n (C),r„), 



\%),M ni C),r n =^{^\nA\T\\l,r n Y 



-here IT^^ = ^2±_±£^ and m ^ = Tn( | T |) = ^>+;+^) , 
Theorem 5.11. For T G J(H) and k = 1, 2, • • • , oo ; 

|||r|||^ = max i ||T||, -IITIK 



□ 



i(fc) - | ii" II' k \ 

where |T| (fc) = s a (T) + ■ ■ • + s k (T), \\T\l = Tr(\T\) = Sl (T) + s 2 (T) + ■■■ and ± = 0. 

Proof. For T G J7"(7i), there is a finite rank projection i£ such that T = ETE G B(H)e- 
Let Tr(_E) = n. Then B(H)e — M n (C). First assume k < oo. We may assume that n> k. 
Then |T|(&) = fc|||T|||^ Tn . By Lemma [5.51 and Lemma [5.101 

miSj = . (*iri^ )fJ1 ^ cc)> ^) = ^m^llimhimu,^} =xnax{imi,iimix}. 

If fc = oo, then irfllf^ = |||T|||f n) by LemmaEU Since ^THx < ||T||, fT^ = \\T\\\f n) = 
max{||T|| 5 illTUx} = ||T||. □ 
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The following Lemma is Theorem 6.19 of [3]. 

Lemma 5.12. Let M be a type \\\ factor with the faithful normal tracial state rv and 
< t < 1. T/ien 

(P1cU, w = m ax{t||T||, ||T|| 1)W }, VT 6 jU, 
where |||T |||(t) jV,Tv ^ s ^ e -^-2/ -^ an norm ofT with respect to and ||T|| 1taA = r^(|T|). 
Theorem 5.13. Let .M 6e a type IIqo factor and < t < oo. T/ien /or a// T G J(M), 

# f max{*||T||,||T||i}, i/0<*<l; 
11 "(*) \ max{||T||, fllrlli}, ifl<t<oo. 

Proof. Let T G iT(.M) and < t < oo. There is a finite projection E m M. such that 
T = ETE is in .M^. We can assume that t{E) = n > t. Let te(ESE) = ■ Then 

(-M^t^?) is a type Hi factor and te is the unique tracial state on M.e- If < £ < 1, by 
Lemma 14.11 

t|||T||| (t) = su P {\t(UTE>)\ : U G U(M E ), E' G V(M E ), r(E') = t} 

= t(E) ■ sup{\r E {UTE')\ : U G U{M E ), E' G V{M E ), t e{E') = t/n} 
t 

= t{E)-\ITI\ { ± IMejTe = tl\T\l { ± lMEtTE , 

where |T|Lt \ Me te means the Ky Fan ~th norm of T G M.e with respect to the tracial 
state te- 

Hence, |T|( t ) = llTlj-i^^^^^. By Lemma [5751 and Lemma [5.131 

\\nt) = r{E) ■ i\\n%, MB , TE ) = nmax|^||T||, ||T||i, rB } = max{t||T||, \\T\U}. 
If 1 < t < oo, then |||T|||( t ) = £l|T'|||(A) i x B)rB - By Lemma [5751 and Lemma 15. 121 

imi* = t(e) ■ (tirffl* j^^^) = ^maxj^imi, imu,^ j =^{11^11, iiiriu} . 

Similar to the proof of Theorem 15.111 fTft , = \\T\\. □ 
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5.3 Second dual norms 

The following lemma follows from Theorem C of [3]. 

Lemma 5.14. Let (VV, T/v) be a finite von Neumann algebra satisfying the weak Dixmier 
property and let ||| ■ ||| be a symmetric gauge norm on M.. Then ||| • |||## = ||| ■ |||. 

Theorem 5.15. Let (Ai, r) be a semi-finite von Neumann algebra satisfying the conditions 
A and B in section 3.4- If ||| • ||| is a symmetric gauge norm on J(M) ; then ||| • |||* is also 
a symmetric gauge norm on J(M) and ||| • |||** = ||| • ||| on J(M). 

Proof. By Proposition 15.71 ||| • |||* is a symmetric gauge norm on J(M). Furthermore, 
both I • I** and ||| • ||| are symmetric gauge norms on J{M). We need to prove that 
III ^ III = 1^11** f° r every positive operator T G J(M). Let E be a finite projection in JM. 
such that T e M-e- By Lemma [5.51 and Lemma |5.14[ 

\n*£r = sup{\r(TX)\: XEJ(M), 11X1%^ <1} 

= sup{r(£) • \t e (TX)\ : X E M E , |||X|||# T < 1} 

= sn V {\r E (T(r(E)X))\ :XeM e , |||r(E)X|||# ^ < 1} 

|||t~ , |||## III Till HlTlll 

~~ Wl 1 \\\Me,t e ~ HI \\\Me,t e — IP II- 

□ 



6 Main result 

Throughout this section, we assume that (Ai,r) is a semi-finite von Neumann algebra. 

Lemma 6.1. Let f(x) = J2k=i a fcX[a fc _i,a fc )( x ) » where a\ > a 2 > • • • > a n > 0(= a n+ i) and 
= a < ai < ■ ■ ■ < a n < oo. For T E M., define 

POO 

imi/= / f(s)» s (T)ds. 

Jo 

Then 

n 

l T l/ = X] min 'L afe ' l ^ ak ~~ a fc+l)l T ll(«fc)- 
k=l 

Proof. Since £||T||( t ) = f Q fi s (T)ds for < t < 1 and |||T|(t) = J * fi s (T)ds for 1 < s < oo, 
summation by parts shows that 

poo rati pa2 ra n 

\l T l\f = / f{s)n s {T)ds = ai I fi s (T)ds + a 2 / fi s (T)ds -\ h a n / fi s (T)ds 

Jo Jo J «i Jq„_i 

n 

= ^min{a fc , l}(a fe - a fc+ i)|||T|||( Qfc ). 
fc=i 
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□ 

Corollary 6.2. is a symmetric gauge norm associated to M. and therefore a symmetric 
gauge norm on J(M). Furthermore, if r(E) = 1 then \\E\\f = f(x)dx. 

Lemma 6.3. Let (Ai,r) be a semi-finite von Neumann algebra and E G M. be a (non- 
zero) finite projection. Suppose Me is a diffuse von Neumann algebra and T,X G M.e 
are positive operators such that T = a\E\ + ■ • ■ + a n E n , E\ + ■ ■ • + E n — E, and t(Ei) = 
■ ■ ■ = r(E n ). Then there is a sequence of simple positive operators X n 6Me satisfying the 
following conditions: 

1. < Xx < X 2 < • • • < X and hence < ^(X^ < /i s (X 2 ) < ■ ■ ■ < fi s (X) for all 
s G [0, oo); 

2. linin^oo fi s (X n ) = ^ S (X) for almost all s G [0, oo); 

3. there exists an r n G N such that T = a nt iE n> \ + • • • + a n)Tn E n , rn and X n = b n ^F rit i + 

\-b n ,r„F n ,r n , where E n>1 -\ \-E nt r n = F nA -\ h-F„ irn = E andr(E nA ) = r(F n j) 

for 1 < i, j < r n . 

Proof. Since M. E is diffuse, there is a separable diffuse abelian von Neumann subalgebra 
A of M.e such that X G A. Let 9 be a *-isomorphism from A onto L°°[0, 1] such that 
te = Jq dx ■ 6. Let f(x) = 0(X). We can choose a sequence of simple functions f n (x) in 
L°°[0, 1] such that < f\(x) < f 2 (x) < ■ ■ ■ < f(x) and lim^oo f n (x) = f(x) for almost all 
x. Let X n = 9- l (f n (x)). Then X n G M E and < X l < X 2 < ■ ■ ■ < X. By Lemma EH 

fi a (T) = inf{||TF|| : F G V{M), r(F x ) = s} 

= mt{\\TF\\ : F G V(M E ), r E {F L ) = sr{E)} = r(r(E)s), 

where f*(x) is the non-increasing rearrangement of f(x). Therefore, we obtain 1 and 2. 
To obtain 3, we need only construct f n (x) = a n ^xi n ^(x) + ■ ■ • + ct n ^ n xi n , rn {x) such that 

m(I n! i) = ■ ■ ■ = m(I nirn ) = Tfi ^ l} , for some k n G N. □ 

Let T be the set of non-increasing, non-negative, right continuous simple functions 
fix) on [0, oo) with compact supports such that f Q f(x)dx < 1. V/(x) G JF, f(x) = 
Yjk=i «[Q t _i, ai )W> where oi > a 2 > ■ ■ ■ > a n > 0(= a n+1 ) and = a < «i < • • • < 
a n < oo. 

Recall that a normalized norm ||| • ||| on J(M) of a semi- finite von Neumann algebra 
M. is a norm on J(M) such that \E\ = 1 for some projection E with t(E) = 1. The 
following theorem is the main result of this paper. 
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Theorem 6.4. Let (A4,r) be a semi-finite von Neumann algebra satisfying the conditions 
A and B in section 3.4- If ||| • ||| is a normalized symmetric gauge norm on J(M), then 
there is a subset T' of T containing the characteristic function on [0, 1] such that for all 
T G J(M), I T I = sup{||r|/ : / G J 7 '}. 

Proof. Suppose ||| • ||| is a normalized symmetric gauge norm on M.. Let T' = {/i s (X) : 
Xis a simple positive operator mJ(M), \X\# < 1}. For every positive operator X G 
J(M) such that |||X||| # < 1, by Proposition KB fn Vs{X)ds = \\X\\ {1) < |||X||| # < 1. If 
E is a projection such that t(E) = 1, then = 1 by Proposition 15.71 Note that 

Hs(E) = X[o,i]( s )- Therefore, T' C T and X[o,i]( s ) e ^ ' ■ For T e J(M)> define 

BTl^supdTll/: fer}. 

By Corollary ||| • I' is a symmetric gauge norm on J{M). By Lemma f3. 211 to prove that 
III ' III' = III ' III) we need to prove |||T|||' = |||T||| for every positive simple operator T G J{M) 
such that T = aiE\ + ■ • • + a n E n and r(Ei) = ■ ■ ■ = r(E n ) = c > 0. 

By Lemma 15.91 and Theorem 15.151 

|||T||| = sup i c^a k b k : X = + ■■■ + b n E n > 0, |||X||| # < 1 
I fc=i 

Note that if X = b\Ei + • ■ ■ + b n E n is a simple positive operator in J(M) and |||X||| # < 1, 
then n„{X) G r and |||T||| MX) = / °° ^ s (X)fi s (T)ds = cY2=x a % h h where R} and iK) 
are nondecreasing rearrangements of {a k } and {b k }, respectively. By the Hardy-Littlewood- 
Polya Theorem [10], J2k=i a kh < Y.k=i a lK- Hence, 



sup 



c^a k b k : X = b x E x + ■■■ + b n E n > 0, |||X||| # < 1 



k=l 



<sup{|T| /: / G J 7 '} = \\T\\'. 



Now we need to prove that |||T|||' < ||T|||. Let X G J(M) be a positive simple operator 
such that |||X||| # < 1. We need to prove that iTl^pQ < |||T|||. Since T, X G J^(A4), there 
is a finite projection E G M. such that T, X G M.e- 

First, we assume that T = a\Ei + • ■ ■ + a r E r and X = b\F\ + ■ • • + b r F r , where 

Ei H h E r = F x H h F r = £, r(Ei) = r(F i ) = c for 1 < i,j < r, a t > ■ ■ ■ > a r and 

bi > ■ - • > b r . Let Y = b x Ei H h b r E r . Then fj, s (Y) = fi s (X). Since r(£<) = r(F i ) = c 

for 1 <i,j <r and Aut(.M, r) acts on .M ergodically, there is a 6* G Aut(A4, r) such that 
= Fi for 1 < i < r. Hence 0{Y) = X. Since ||| • |||* is a symmetric gauge norm, 
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\IYI\# = \\X\\* < 1. By Corollary El |||T||| > r{TY) = c^ r k=1 a k b k = J °° fi s (Y)fi s (T)ds 
JiT Hs(X)n s {T)ds = ||T||| Mx) . 



Now we consider the general case. Since (M.e, t e) satisfies the weak Dixmier property, 
by Lemma r3.16[ M. E is either a finite dimensional von Neumann algebra such that r[F) = 
t(F') for every two minimal projections F and F' or A4e is a diffuse von Neumann algebra. 
The first case is proved. If M.e is a diffuse von Neumann algebra, by Lemma 16.31 we can 
construct a sequence of simple positive operators X n G J(M) satisfying the following 
conditions: 

1. < Xi < X 2 < • • • < X and hence < /i s (Xi) < /i s (X 2 ) < ■ ■ ■ < fi s {X) for all 
s E [0, oo); 

2. lim^oo /i s (X n ) = fi s {X) for almost all s G [0,oo); 

3. there exists an r n e N such that T = a nt \E n ^ + • • ■ + a n)rn E n ^ n and X = b n iF n ^ + 

\-b n ,r n Fn,r n i where £ ni iH h-B„, rn = F n>1 ^ VF n ^ rn = E and r(E n>i ) = r(F nJ ) 

for 1 < i, j < n. 

By 1 and Corollary 13.41 |||X n |||* < |||X||| < 1 for all n = 1, 2, • • • . By 3 and the above 
arguments, for every n, |||T||| > |||T'|||^ s (x n )- By 1, 2 and the Monotone Convergence theorem, 



poo poo 

II^ILpO = / li s (X)/J ls (T)ds = lim / fi s (X n )n s (T)ds = lim ||T|| 
Jo n ->°°Jo n ^°° 



□ 

Corollary 6.5. Let (_M,r) be a semi-finite von Neumann algebra as in Theorem \6.J\ and 



let If • I be a normalized symmetric gauge norm on J(M). Then ||| • ||| can be extended to a 
normalized symmetric gauge norm ||| • I' associated to M.. 

Proof. For T G Ai, define |||T|||' = max{|||T|||j : / G J 7 '}. Then ||| ■ |||' is an extension of 
III ■ III- ' □ 



Remark 6.6. In Corollary 16. 5[ the extension is not unique. Indeed, define ||| • ||| on B{7i) 
by I T If = ||T|| if T is a finite rank operator and |||T||| = oo if T is an infinite rank operator. 
It is easy to see that ||| ■ ||| defines a unitarily invariant norm associated to B(7i) such that 
the restriction of ||| ■ ||| on Ji^H) is the operator norm. 
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7 Unitarily invariant norms related to semi-finite fac- 
tors 

As the first application of Theorem 16.41 we set up a structure theorem for unitarily in- 
variant norms related to semi-finite factors. Recall that T is the set of non-increasing, 
non-negative, right continuous simple functions f[x) on [0, oo) with compact supports 
such that J f(x)dx < 1. 

Theorem 7.1. Let M. be a semi- factor and let ||| ■ ||| be a unitarily invariant norm on 
J(M.). Then there is a subset T' of J 7 containing the characteristic function on [0, 1] such 
that for all T G J{M), \\T\\ = sv^{\\T\\ f : f eJ 7 '}. 

Proof. Combining Theorem 13.291 and Proposition 13. 22} we prove the theorem. □ 

The next corollary also follows from Theorem 16.41 

Corollary 7.2. Let ||| • ||| be a normalized symmetric gauge norm on J'lL 00 ^, oo)). Then 
there is a subset T' of T containing the characteristic function on [0, 1] such that for all 
T G J(L°°[0, oo)) ; 

|||T||| = sup{||T|| / : feF}. 



Let Ai = B{7i) and r = Tr. By the proof of Theorem I6.4[ if / G T\ then f(s) = 
/j s (X) for some finite rank operator X G £>(7Y), X > and |||X||| # < 1. Write fi s (X) = 
si(X)x[o,i)(s) + s 2 (X)x[i )2 )(s) + ■ ■ • , where si(X), S2(X), • • ■ , are s-numbers of X. Since 
J„ fi 8 (X) < 1, Si(X) < 1. By Lemma ISTTl and simple computations, for every T G J(1~C), 

|||r|| Ms(Jf) = Sl (X) Sl (T) + s 2 (X)s 2 (T) + • ■ ■ , 

where Si(T), s 2 (T), • ■ ■ , are s-numbers of T. 

Let Q = {(ax, a 2 , • • • ) : 1 > a\ > a 2 > • • • > and a n = except for finitely many terms}. 
For (ai, a 2 , • • • ) G Q and T G JiTi.), define 

lll T lll(ai,a 2 ,-) = a\Si{T) + a 2 s 2 (T) H . (3) 

Then ||T'|||( 01)0a) ...) = |||T'|||/ is a unitarily invariant norm on J{7i), where f(x) = aiX[o,i)( x ) + 
o J 2X[i,2){.x) + - ■ ■ . By identifying /i s (X) with (si(X), s 2 (X), • • • ) in G, we obtain the following 
corollary. 
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Corollary 7.3. Let ||| • ||| be a unitarily invariant norm on J ((H). Then there is a subset 
Q' ofQ, (1,0,---) G Q', such that for allTe J{TL), 

|||T||| = sup{aiSi(T) + a 2 s 2 (T) H : (a 1} a 2 , ■ ■ ■ ) G G'}, 

where Si(T), S2{T), ■ ■ ■ are s-numbers ofT. 

Similar to the proof of Corollary 17.31 we have the following corollary. 

Corollary 7.4. Let ||| • ||| be a normalized symmetric gauge norm on cqq = J7"(/°°(N)). Then 
there is a subset Q' of Q , (1, 0, • • • ) G Q' , such that for all (xi, x 2 , ■ ■ ■ ) G coo, 

||(xi,x 2 , • • Oil = sup{aix* + a 2 x* 2 H : (a 1 ,a 2 , • • •) G 

where (x{, x 2 , ■ ■ ■ ) is the nonincreasing rearrangement of (\xi\, \x 2 \, - ■ ■ ). 

8 Unitarily invariant norms and symmetric gauge norms 

Lemma 8.1. Let 9\,9 2 be two embeddings from (L°°[0, oo), J °° dx) into a type IIqo factor 
(Ai,r). If If • I is a unitarily invariant norm on J(M), then |||0i(/)||| = |||^2(/)||| f or every 
positive function f G J7"(L°°[0, oo)). 

Proof. For / G ^(L^O, oo)), let ||[^||U = |||^i(/)||| and |/||| 2 = ||0 2 (/)||. Then ||| • \l and 
If • 1 2 are gauge norms on J7"(L°°[0, oo)). By Lemma I3.21[ to prove ||| • |||i = ||| • I2 on 
J7"(L°°[0, 00)), we need to prove |||/|||i = ||| /||| 2 for every simple function f(x) in J7"(L°°[0, 00)). 
If f(x) G ^(L^fO, 00)) is a simple function, then there is a unitary operator U in M. such 
that U9 1 (f)U* = 6 2 {f). Hence |||/||| a = ||/|| 2 . ' □ 

The following theorem generalizes von Neumann's classical result [28] on unitarily in- 
variant norms on M n (C). 

Theorem 8.2. There is a one-to-one correspondence between 

1. unitarily invariant norms on M n (C) and symmetric gauge norms on C n , 

2. unitarily invariant norms on a type \\\ factor and symmetric gauge norms on L°°[0, 1], 

3. unitarily invariant norms on J{1~C) and symmetric gauge norms on cqq = J7"(Z°°(N)) ; 

4- unitarily invariant norms on J(M) of a type factor M. and symmetric gauge 
norms on J7"(L°°[0, 00)), 

respectively. Precisely, let M. be a semi-finite factor and A be the corresponding abelian 
von Neumann algebra as the above: 
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• if I • I is a unitarily invariant norm on J{M) and 9 is an embedding from A into M., 
then the restriction of ||| • ||| to J(6(A)) defines a symmetric gauge norm on <J{A); 

• conversely, if ||| • |' is a symmetric gauge norm on J{A) and T £ J{M), then 
\n s {T)\' defines a unitarily invariant norm on J(M), where /i s (T) is the classical 
s-numbers of T if M. = M n (C) or M. = B(TC), and (i s (T) is defined as in $4fj if M. 
is a type IIx factor. 

Proof. We refer to jl] for the proof of case 1 and case 2. We only prove the theorem 
for case 4. The proof of case 3 is similar. We may assume that both norms on ^T(Ai) 
and J7"(L°°[0, oo)) are normalized. By the definition of Ky Fan norms, there is a one- 
to-one correspondence between Ky Fan t-th norms on J{M) and Ky Fan t-th norms on 
J'{L oa \f), oo)) as in Theorem 18.21 By Theorem 17.11 and Corollary 17.21 there is a one-to-one 
correspondence between normalized unitarily invariant norms on J{M) and normalized 
symmetric gauge norms on ^(L^O, oo)) as in the theorem. □ 



Example 8.3. For 1 < p < oo, the L p -norm on (L°°[0, oo), f^°dx) defined by 

ll/(*)||p = 



(/ °°|/(x)|^r) 1/p , l<p<oo; 
essup | / 1 , p = oo 

is a normalized symmetric gauge norm on (L°°[0, oo), J °° dx). By Theorem l8.2[ the induced 
norm for T G J(M) of a type IIqo factor M. defined by 



= (r(\T\n) 1/P = (/ol/i s (T)N S ) 1/P , l<p<oo; 
|T||, p = oo 



ITII 
1 1 \\p 



is a unitarily invariant norm on J{M.). The norms {|| • || p : 1 < p < oo} are called 
LP- norms on J{M.). 



Example 8.4. For 1 < p < oo, the / p -norm defined on ^(^(N)) by 
||(x 1 ,X2,---)IIp = 



(\x 1 \p+\x 2 \ p +---) 1/p , 1<J9<oo; 
essup {\x n \ : n — 1, 2, • • • }, p = oo 



is a normalized symmetric gauge norm on ^(/^(N)). By Theorem 18.21 the induced norm 
for T in JifK) defined by 



ITII 
I 1 \\p 



= (t(\T\p)) 1/p = ( Sl (TY + s 2 {TY + ■■■ ) 1/p , 1 < p < oo; 
|T||, p = oo 



is a unitarily invariant norm on JifH). The norms {|| ■ || p : 1 < p < oo} are called L p -norms 
onJ(H). 
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Theorem 18.21 establishes the one to one correspondence between unitarily invariant 
norms on J(M) of an infinite semi-finite factor M. and symmetric gauge norms on J {A) 
of an abelian von Neumann algebra A. The following theorem further establishes the one 
to one correspondence between the dual norms on J{M) and the dual norms on J {A), 
which plays a key role in the studying of duality and reflexivity of the completion of J^(Ai) 
with respect to unitarily invariant norms. 

Theorem 8.5. Let M. be a type II^ factor [or B(7i)). If ||| • ||| is a unitarily invariant 
norm on J(M) corresponding to the symmetric gauge norm ||| • |||i on J7"(L°°[0, oo)) (or 
J7"(/°°(N)) respectively) as in Theorem \8.B. then ||| ■ |||* is the unitarily invariant norm on 
J{M.) corresponding to the symmetric gauge norm ||| • ||f on J7"(L°°[0, oo)) (or J7'(/ 00 (N)) 
respectively) as in Theorem \8.2 . 

Proof. We only prove the theorem for type IIqo factors. The case of type 1^ factors is 
similar. Let ||| • I2 be the unitarily invariant norm on J{M) corresponding to the symmetric 
gauge norm ||| • ||f on J7"(L°°[0, 00)) as in Theorem 18. 21 By Lemma [3.211 to prove ||| • I2 = 
If • If* on J~(Ai), we need to prove |T|2 = i\T\\# for every simple positive operator T = 
a\E\ + • • • + a n E n in J(M) such that t(Ei) = ■ ■ ■ = r(E n ) = c. We may assume that 
Oi > • • • > a n > 0. Then /i s (T) = aiX[ , c )(s) H h a n X[( n -i)c,nc)(s). By Lemma EE 

n 

l\T\f = sup{c^a fc 6 fc : X = b x E 1 + • • • + b n E n > 0, < 1}. 

k=l 

By the Hardy-Littlewood-Polya Theorem, 

n 

l\T\\* = swp{c^2a k b k : X = b x E x + ■■■ + b n E n > 0, b x > ■ ■ ■ > b n > 0, ||]X||| < 1}. 
fc=i 

By Theorem 18.21 and Lemma 15.91 

n 

\l T h = lll/^( T )lll # = sup{c^a fc 6 fc : g(s) = 6iX[o, c )(s)H \-b n X[(n-i)c,nc)(s) > 0, |||^(s)||| < 1}. 

fc=i 

By the Hardy-Littlewood-Polya Theorem, 

n 

ll^lh = |||/i s (r)||| # = sup{c^a fc 6 fc : g(s) = &iX[o,c)(s) H h KX[(n-i)c,nc){s) > 0, 

k=l 

h >---b n > 0, |||#(s)||| < 1}. 

Note that if b x > ■ ■ • > b n > 0, then fofaE^ Vb n E n ) = &iX[o,c)(s)H h6„X[(n-i)c,nc)(s)- 

Since ||| • ||| is the unitarily invariant norm on J(M) corresponding to the symmetric gauge 
norm ||| • |||i on ^(L 00 ^, 00)) as in Theorem 18.21 |||6i-E'i + • • • + On-E^l < 1 if and only if 
|||&iX[o,c)(s) H h b n X[(n-i)c,nc)(s)\\i < 1- Therefore, |||T|||2 = |||T||| # . □ 
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Example 8.6. If p = 1, let q = oo. If 1 < p < oo, let q = Then the L q norm on 
i7"(I/°°[0, oo)) defined by Example 18.31 is the dual norm of the L p -norm on jr(L°°[0, oo)). 
By Theorem 18.51 the L 9 -norm on J{M) of a type II^ factor M. is the dual norm of the 
L p -norm on J{M). 

Example 8.7. If p = 1, let q = oo. If 1 < p < oo, let q = -^j. Then the Z 9 -norm 
on J7"(Z°°(N)) defined by Example 18.41 is the dual norm of the Z p -norm on J7"(7°°(N)). By 
Theorem 18.51 the L 9 -norm on J{1~L) is the dual norm of the L p -norm on Ji^H). 

9 Ky Fan's dominance theorem 

The following theorem generalizes Ky Fan's dominance theorem. 

Theorem 9.1. Let M be a semi-finite factor and S,T E J{M). If \S\^ < |||T|||( t ) for all 
Ky Fan t-th norms, < t < oo, then fSf < ||T||| for all unitarily invariant norms ||| • ||| on 



Proof. Let ||| • ||| be a unitarily invariant norm on A4. By Lemma 16.11 |||5|||/ < \\T\\f for 



Corollary 9.2. Let S,T G Ji^H). If \\S\l( n ) < |||T|||( n ) for all Ky Fan n-th norms, n = 
1, 2, • • • , then \\S\\ < |||T||| for all unitarily invariant norms ||| • ||| on J{Ti). 

10 Completion of J(M) with respect to unitarily in- 
variant norms 

In this section, we assume that M. is an infinite semi-finite factor with a tracial weight r 
and I • I is a unitarily invariant norm on J(M). Recall that J{M) is the set of operators 
T in M. such that T = ETE for some finite projection E G M. The completion of J{M) 
with respect to ||| ■ ||| is denoted by <^"(-M)|.|- F° r 1 < p < oo, we will use the traditional 
notation L P (A4, r) to denote the completion of with respect to the L p -norm defined 

as in Example 18.31 or Example 18.41 We will denote by K(M) the completion of J(M) with 
respect to the operator norm. Let M. be the completion of Ai in the measure-topology 
in the sense of Nelson [18]. Recall that a neighborhood N(e, S) of G M. in the measure 
topology (see [18]) is 

N(e, S) = {T G M, there is a projection E G M such that r(E) < 5 and HTE 1 - 1 !! < e} 



J(M). 




□ 
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10.1 L\M,t) 

In this section, we summarize some classical results on M. and L 1 (A4, r) that will be useful. 

Theorem 10.1. (Nelson, [IS]) M. is a *-algebra and every element in M. is a closed, 
densely defined operator affiliated with A4. 

In the following, we define s-numbers for unbounded operators in M. as [6]. 

Definition 10.2. For T £ M. and < s < oo, define the s-numbers ofT by 

fi s (T) = hd{\\TE\\ : E £ M. is a projection such that t(E ± ) = s }. 

Theorem 10.3. (Fack and Kosaki, [B]) Let T and T n be a sequence of operators in 
M. such that linv-.ooTn = T in the measure-topology. Then for almost all s £ [0, oo), 
lim^oo ii s (T n ) = fi s (T). 

Let {T n } be a sequence of operators in J(M) such that T = lim^oo T n in the L 1 -norm. 
By Lemma l42l {r(T„,)} is a Cauchy sequence in C. Define r(T) = lim^oo r(T n ). It is 
obvious that r(T) does not depend on the sequence {T n }. In this way, r is extended to a 
linear functional on L 1 (7W,r). The following lemma is due to Nelson [IS] . 

Lemma 10.4. Lei .M 6e a £yj>e II^ factor with a faithful normal tracial weight r. Then 
there is a natural continuous injective map from L 1 (A / 1, r) into Ai. Furthermore, if {T n } C 
J7"(.M) is a Cauchy sequence in the l}-norm and linv^ooT^ = T in the measure topology, 
then T £ r) and limn^^Tn = T in the L l -norm. 



10.2 Embedding of J(M) n into M 

In this subsection, we will prove that J7"(-M) |.| can be embedded into M.. If M. = B(TC), 
the embedding is very simple due to the following proposition. 

Proposition 10.5. Let ||| ■ ||| be a unitarily invariant norm on J{7i). Then J7"(7i)|.| is an 
selfadjoint two-sided ideal of B(H) such that JCi(H) C •J'i'H)®.® Q K,(7i). 

Proof. By Corollary 14. 8[ we obtain the proposition. □ 

Lemma 10.6. Let Ai be a type Hoc factor and ||| • ||| be a unitarily invariant norm on J(M). 
There is a natural continuous map $ from J'i-M)^ t° M that extends the identity map 
from J{M) to J{M). 
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Proof. We may assume that ||| • ||| is a normalized unitarily invariant norm, i.e., fEf = 1 
if t(E) = 1. If {T n } in J(M) is a Cauchy sequence with respect to ||| • |||, then {T n } in 
J(M) is a Cauchy sequence with respect to ||| • ||m by Proposition 14.61 By Corollary 14. 4[ 

for any 5 > and T G J{M) such that |||T||| (1) < 5, t(x(s,oo)(\T\)) < Hence, if 

{T n } is a Cauchy sequence in M. with respect to the norm, then {T n } is a Cauchy 

sequence in the measure topology. So there is a natural map $ from <^(-^)|.| that extends 
the identity map from J(M) to J(M). □ 

Lemma 10.7. Let {T n } be a sequence of operators in J(M) such that YrnVn^^Tn = T 
with respect to ||| • ||| and X G J{M). Then lmin^ooT^X = $(T)X in the L l -norm. 

Proof. By Lemma [10.61 Yrnvn^^Tn = $(T) in the measure topology. Hence lim^ooTnX = 
$(T)X in the measure topology (see Theorem 1 of [IB])- By Corollary 15 .4} ||T n X— T m X||i < 
|||T n — T m ||| • |||X|||*. Hence {T n X} is a Cauchy sequence in the L 1 -norm. By Lemma [10. 4[ 
hnin^ooX^X = $(T)X in the L 1 -norm. □ 

Corollary 10.8. Let {T n } be a sequence of operators in J{M) such that lim^oo^ = T 
with respect to ||| • ||| and X G J(M). Then lim^oo r((T n - $(T))X) = 0. 



Lemma 10.9. For all T G J(M),.,, 

|||T||| = sup{|r($(T)X)| : X G J(M), |||X||| # < 1}. 

Proof. Let {T n } be a sequence of operators in J^(Ai) such that lim^oo T n = T with respect 
to If ■ |||. By Corollary 110.81 and Lemma 15.3} for every X G J{M) such that |||X|||* < 1, 

|r($(T)X)| = lim |r(T„X)| < lim ||T n || = |||T|||. 

n— »oo n— >oo 

Hence, |||T||| > sup{|r($(r)X)| : X G J(M), |||X||| # < 1}. 

We need to prove that |||T||| < sup{|r($(T)X)| : X G J(M), |||X||| # < 1}. Let e > 0. 
Since lim^ooTn = T with respect to ||| • |||, there exists an X such that \\T — T N \\ < e/3. 
For T N , there is an X G J{M), |||X||| # < 1, such that fT N \\ < \t(T n X)\ + e/3. By 
Corollary 110.81 and Corollary I5.4[ 

\r((T N - $(T))X)| = lim \t((T n - T n )X) < lim \\T N - T n \\ ■ \\X\\* < \\T N - T\\ < e/3. 

So |r($(T)X)| > \t(T n X)\-\t((T n -$(T))X)\ > \\T N \\ -e/3 -e/3 > |||T|||-e. Therefore, 
< sup{|r($(T)X)| : X G J(A^), |||X|||# < 1}. □ 

Proposition 10.10. Let M. be a type 11^ factor and ||| • ||| be a unitarily invariant norm on 
J{M). There is a natural continuous injective map $ from <J(M)%,% to M. that extends 
the identity map from J{M) to 
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Proof. By Lemma [10.6[ we need only to prove that $ is injective. To prove $ is injective, 
we need to prove that if {T n } in J(M) is a Cauchy sequence with respect to ||| • ||| and 
T n — > in the measure topology, then lim^^ ||T n ||| = 0. Suppose T = lim^oo T n with 
respect to the norm ||| ■ |||. Then $(T) = 0. By Lemma [10.91 

|||T||| = sup{|r($(T)X)| : X G J(M), \\X\\* < 1} = 0. 

Hence, T = 0. □ 



By Proposition dniini we will identify T G ^(•^)|.| witl1 $(T) and consider J"(A^)| 
clS db subset of M.. 



Corollary 10.11. is a linear subspace of M. satisfying the following conditions: 



1. ifT G J(M) M , then T* G J(M). 



2. T G c7(.M)||, I,, z/ and only if \T\ G J"(A^)» 



3. ifT G J^-M),! I and A, 5 G JXM), taen ATE G | and |||A7\B||| < \\A\\ ■ |||T||| • 

\\B\\. 

In particular, ||| • ||| can 6e extended to a unitarily invariant norm, also denoted by ||| • |||, on 



10.3 Elements in J(M) H 

The following theorem generalizes Theorem 16.41 Its proof is based on Lemma 110.91 and is 
similar to the proof of Theorem 16.41 So we omit the proof. Recall that JF is the set of non- 
increasing, non-negative, right continuous simple functions f(x) on [0, oo) with compact 
supports such that f(x)dx < 1. 

Theorem 10.12. Iff ■ ||| is a normalized unitarily invariant norm on an infinite semi-finite 
factor J '(M), then there is a subset J 1 ' of T containing the characteristic function on [0, 1] 
such that for all T G J(M)np 

in = su P {\in f ■. fer}. 

Combining Theorem 110.121 and Theorem 110.31 we have the following corollaries. 

Corollary 10.13. Let ||| • ||| be a unitarily invariant norm on Ji^H) and ||| ■ |||' be the corre- 
sponding symmetric gauge norm on cqq = J7'(/ 00 (N, r)). IfT G K,{7i), then T G 3~(J~C)** 
if and only if (/^i(T), /z 2 (T), ■ ■ •) is in the completion of cqq with respect to ||| • |||'. In this 
case, |||T||| = |||^(r)|||'. " 



35 



Corollary 10.14. Let M. be a type II^ factor and ||| • ||| be a unitarily invariant norm on 
J(M.) and If ■ If be the corresponding symmetric gauge norm on J7"(L°°[0, oo)). 7/T G A4, 
then T G J(M) H if and only if fi„(T) G J(L°°[0, oo)) N ,. In this case, |||T||| = l/^COl'. 

Example 10.15. Let T G K{H) and 1 < p < oo. Then T G L p (H,Tr) if and only if 
(/ix(T), // 2 CT), • • •) G l p (N,r). In this case, ||T|| P = (s x (T)f + s 2 (T)? + • • • ) 1/p . 

Example 10.16. Let T G M and 1 < p < 00. Then T G L p (>l,r) if and only if 
H,(T) G LP[0,oo). In this case, ||T|| P = ^ n s (T) p dsY P = (J °° X p dfi\ T \) VP - 

10.4 A generalization of Holder's inequality 

The following theorem is a generalization of Holder's inequality. 

Theorem 10.17. Let Ai be an infinite semi-finite factor and ||| • ||| be a normalized unitarily 
invariant norm on J(M). IfT G J{M)\^ and S G J7"(A^)|.|#, then TS G L 1 (A^,r) and 
\\TS\U < \\T\\ ■ \\S\\#. 

Proof. By the polar decomposition and Corollary 110.111 we may assume that S and T 
are positive operators. Let T n and S n be two sequences of operators in J(M) such that 
lim^oo |||T— T n \\ = lim^oo fS— (S'nl = 0. Let Kbe a. positive number such that |T n ||| < K 
and I ^ I* < K for all n and e > 0. Then there is an N such that for all m > n > N, 
\\T m - T n \ < e/(2K) and fSm - S n \\* < e/(2K). By Corollary [EU \\T m S m - T n S n \\i < 
\\(T m -T n )S m \\i + \\T n (S m - S n )\\i < |||T m -T n |||-|||S' m ||| # + |||T ri |||-|||5' m -5'„||| # < e. This implies 
that {T n S n } is a Cauchy sequence in M. in the L 1 -norm. Since lim rwoo T n S' n = TS in the 
measure topology, lim^oo T n S n = TS in the L 1 -norm by Lemma 110.71 By Corollary 15.4} 
\\TnSnh < \\T n \\ ■ \\S n \\* for every n. Hence, < |||T||| • \\S\\*. □ 

Combining Example 18. 3|. 18.41 18.61 18.71 and Theorem 110. 17[ we obtain the classical non- 
commutative Holder's inequality. 

Corollary 10.18. Let M. be an infinite semi-finite factor with the faithful normal tracial 
wight t. IfT^L p {M,T) and S G L q (M,r), then TS G L 1 (M,r) and 

II^Slli < ||T|| P • \\s\\ q , 

where 1 < p, q < 00 and - + - = 1 . 
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10.5 Some approximation results 

Lemma 10.19. Let ||| • ||| be a unitarily invariant norm on B(H) and T £ Ji^H). If 
S, St, S2, ■ • ■ , are bounded operators in B(H) such that S = lim n ^oo S n in the strong oper- 
ator topology, then 

lim \\S n T-ST\\ = 0. 

n— >oo 

Proof. Since T £ J{7i), there is a finite rank projection E such that T = ETE. Since S n —>■ 
S in the strong operator topology, S n E — > SE in the operator topology. By Proposition ESI 

\\\S n T - ST\\ = \\S n ET - SET\\ < \\S n E - SE\\ ■ \\T\\ -> 0. 

□ 



Theorem 10.20. Let ||| ■ ||| be a unitarily invariant norm on B(7i) and T £ 

If S, Si, S 2 , ■ ■ ■ , are bounded operators in B(H) such that S = lim^oo S n in the strong 

operator topology, then 

lim \\S n T - ST I =0. 

n— +00 

Proof. Since 5 n — > S" in the strong operator topology, there is a number M > such 
that 11511 < M and \\S n \\ < M for n = 1,2, ••• . Let e > 0. Since T £ there 
is a T' £ J(H) such that ||T' — T||| < -^j. By Lemma 110. 19[ there is an iV such that 
ll^nT' — ST' I < I for all n> N. By Proposition 13.61 

1 S n T - ST 1 < \\S n T - S n T'l + \\S n T' - ST'\\ + \\ST' - ST ||| 

< ||5 n || ■ \\T - T'\\ + \\S n T' - ST'W + \\S\\ ■ \\T' - T||| 
= e. 

□ 



Corollary 10.21. Let ||| • ||| be a unitarily invariant norm on J{1~L) and T £ 

// Ei, E 2 , ■ ■ ■ , are finite rank projections in B(H) such that lim^oo E n = I in the strong 
operator topology, then 

lim \\E n TE n -T\\ = 0. 

n^oo 

Let A4 be a diffuse semi-finite von Neumann algebra. Then the set of finite projections 
{E Q } of M. is a partially ordered set such that liniQ, E a = I in the strong operator topology. 
The following lemma will be useful in the next section. 

Lemma 10.22. Let M. be a semi-finite von Neumann algebra, and ||| • ||| be a symmetric 
gauge norm on J{M) and T £ 3{M)\.\- Then 

lim \\E a TE a — T\\\ = 0. 

a 

Proof. Apply the technique used in the proof of Theorem 110.201 we need only prove the 
lemma under the assumption T £ J(M). In this case, the lemma is obvious since there is 
a finite projection E such that ETE = T. □ 
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11 Duality and Reflexivity of noncommutative Ba- 
nach spaces 

In this section, we assume that M is an infinite semi-finite factor with a faithful nor- 
mal tracial weight r, ||| • ||| is a unitarily invariant norm on J{M) and ||| • |||* is the dual 
unitarily invariant norm on J(M). We consider the following two questions in this section: 



Question 1: When J{M),«,«# is the dual space of >J(M)«<«< in the following sense: for every 



-# 



G J(M)ww , there is a unique X G J(M)w%# such that 



0(T) = r(TX), \/TeJ{M\ 

and U\\ = IIITII? 



Question 2: When <J(M)«u« is a reflexive space? 



For a projection E in M, we denote by (.M.e)|.| the completion of Me = EME with 
respect to ||| • |||. 



Lemma 11.1. // j7"(At)|.|# zs iae (iwa/ space o/ J7"(.M)||.|| m £ae sense of question 1, then 
zs ^ e space 0/ (A4e)|.| /or every projection E in M in the sense of question 

1. 

-# 



Proof. Let <p G (A1e)|.| . We can identify (A^s)|.| with a Banach subspace of J(M)^. 
By the Hahn-Banach extension theorem, <fi can be extended to a linear functional ip G 

<?(-M.) |.| • By the assumption of the lemma, there is an operator X G J(M)^# such 
that for every operator T G J7"(.M), V'CO = t(TX). There is a sequence of operators 
X n G J{M) such that lim^oo \\X n - X||| # = 0. Let Y n = EX n E and Y = EXE. Then 
Y n G M E - By Proposition 

lim |y - F n ||| # < lim \\E\\ ■ \\X - X n ||| # ■ \\E\\ = 0. 

n— »oo n^oo 



Hence, F G (Mb) h# . For every T G A^, <p(T) = ip(T) = r{TX) = t(ETEX) = t(TY). 
This implies that (A^b)i|.|# is the dual space of (^Ms)|.| for every projection E in .M. □ 

Let £ be a (non-zero) finite projection in M. Recall that Me = EME is a finite 
von Neumann algebra with a faithful normal tracial state t% such that Te(T) = for 
T E Me- If II • II is a norm on Me, the dual norm of T G .Mb with respect to r E is defined 
by 

1171^ = swp{\r E (TX)\ : X G Me, |||X||| < 1}. 
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In the following, we denote by (A^),,, ,,,# the completion of A4e with respect to 

\\-\\m e , Tb - B y LemmaEHl |||T|||# = r(£)||T|I# ^ for every T G M E - Hence, (TW^) ||M||# = 
{M.e)i\ m# as linear spaces. 

The next lemma follows from Theorem H of [1]. 

Lemma 11.2. Let M be a type Hi factor with a faithful normal tracial state r^. Let ||| ■ ||| 
be a unitarily invariant norm on M and ||| ■ |||# be the dual unitarily invariant norm on N '. 
Let I • |||i be the symmetric gauge norm on (L°°[0, 1], J* dx) corresponding to ||| • ||| on J\f as 
in Theorem \8.5l Then the following conditions are equivalent: 

1. A/||.|# is the dual space of N\\.\\ in the sense of question 1; 

2. L°°[0, 1] in _ in # is the dual space o/L°°[0, l]^!^ in the sense of question 1. 
The next lemma follows from Corollary 1 of [1]. 

Lemma 11.3. Let M be a finite factor with a faithful normal tracial state Tj^, and let ||| • ||| 
be a unitarily invariant norm on Af. If A is a separable abelian von Neumann subalgebra 
of Af and is the normal conditional expectation from Af onto A preserving Tjy, then 
|||E^(T)||| < |||T||| for allTe Af. 

Definition 11.4. Let (A4,t) be a semi-finite von Neumann algebra. An abelian von 
Neumann subalgebra A is called a normal abelian von Neumann subalgebra if r is a semi- 
finite tracial weight on A 

The abelian algebra consists of bounded diagonal operators on a Hilbert space 7i is a 
normal abelian von Neumann subalgebra of £>(7Y). However, the abelian von Neumann 
algebra generated by the bilateral shift operator is not a normal abelian von Neumann 
subalgebra of B(7i). By [25], if A is a normal abelian von Neumann subalgebra of At, then 
there is a normal conditional expectation from A4 onto A preserving r. 

The following theorem is the main result of this section. 

Theorem 11.5. Let A4. be a type II^ factor {or B(7i)), ||| • ||| be a unitarily invariant norm 
on A4 and ||| • |||* be the dual unitarily invariant norm on At. Let ||| ■ \\i be the symmetric 
gauge norm on j7"(I/°°[0, oo)) (or J7"(7°°(N)) respectively) corresponding to ||| • ||| on A4 as in 
Theorem \8.2\ Then the following conditions are equivalent: 

# 

1. <^"(Af)|.||# is the dual space of J~(A4),«,« in the following sense: Vip G J7"(A1)|.| , 

there is a unique X G ^(At)^| such that tp(T) = r(TX) for all T G ^(AQ||.| and 

M = \\X\l*; 
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2. J7"(L°°[0, cxd))| _|# (or l 7(Z 00 (N))||,||# respectively) is the dual space of J (L 00 ^ ,00))^ 
(or i7(/°°(N)) I,, J,, respectively) in the same sense. 

Proof. We prove the theorem for type 11^ factors. The proof for type 1^ factors is similar. 

"1 =>• 2". By Theorem 18.21 and Lemma [2.2} there is a normal separable diffuse abelian 
von Neumann subalgebra A of M. and a ^-isomorphism a from ^4 onto L°°[0, oo) such that 
r = J °° dx ■ a and ||a(T)||i = |||T||| for every T G J7"(^4). a By Theorem 18.51 |||a(T)|||f = 

If T I* for every T G ^7(^4). So we need only prove that J(A)^# is the dual space of J~{A)mm 

# 

in the sense of question 1. Let </> G • By the Hahn-Banach extension theorem, </> 

can be extended to a bounded linear functional ip on such that ||-0|| = ||0||. By 

the assumption of the theorem, there is an operator X G <^"(-M)|j| such that — T (SX) 

for all S* G t7"(A^)i|.| and ||^|| = |||X||| # . There is a sequence of operators X n G i7(.M) such 
that lim^oo \\X — X n \\ = 0. Let E_4 be the normal conditional expectation from M. onto 
A such that r(T) = r(E^(T)) for all T G ^(^W). Let Y n = B A (X n ). By Lemma HOI 
II Yn II < I X n |||. Therefore, is a Cauchy sequence in J7"(^4) with respect to norm ||| ■ |||. 
Let Y = lim^oo Y n in ^(^Viii- Then for every S G J(A), 

<j)(S) = ip(S) = t(SX) = lim r(SX n ) = lim r(E A (SX n )) = lim r(SY n ) = r(SY). 

n—too n— >oo n—roo 

By Lemma MM \\<t>\\ = I*!*- 



"2 =>• 1". Let ip G J7"(A^)*|, and let A be a normal separable diffuse abelian von Neu- 
mann subalgebra of M. and be the restriction of ip to J (A). By Lemma [2T2l we can iden- 
tify (A,t) with (L°°[0, oo), Jq 00 <ix). By the assumption of the theorem, J7"(L°°[0, oo))| _|# 

is the dual space of J'(L oo [0,oo)),,m. Hence, (-4.)§.|# is the dual space of (*4.)§.§- There- 
fore, there is an operator Y G (*4.)|.|# such that 4>(T) = t(TY) for all T G J(A) and 

U\\* = m*. 



Let E G A be a finite projection. By Lemma 111.11 (Ae)| .|# is the dual space of 
(Ae)ihIi- By Lemma [5751 and Lemma fl 1.21 (M.e)%-i* is the dual space of So there 

is a unique operator X E G (M.e) such that for all T G M.e, ip(T) = r{TX E ). Define 
</j E (T) = tfj{T) for T G and ^(S) = <p{S) for 5 G Then </> E (S) = <f>(S) = 

T (SY) = t(ESEY) = t(SEYE). By Lemma[TL2l |||^i?||| # = Ue\\ = Ue\\ = \\EYE\\*. 

Let E, F be two finite projections in A. Then — Xp|| # = H^e - ^f\\ = \\<Pe — (Pf\\ = 
\\EYE - FyF||| # . By Lemma EESl lim Q \\E a YE a - Y\\* = 0. So {X E J is a Cauchy 
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sequence in J(M)f r Let X = \im a E a XE a . Then X G J(M)f t and ifj(T) = r{TX) for 
all T G M.e and finite projections E G A. 

Let £> be another normal separable diffuse abelian von Neumann subalgebra of A4. 
Similar arguments as above shows that there is an operator Z G J{M)J,^ such that 
ip(T) = t(TZ) for all T G M E > and finite projections E' G B. Let E G A and E' G B be fi- 
nite projections. Then F = EAE' is a finite projection and ip(T) = t(TFXE) = t(TFZF) 
for all TeMj?. Therefore, FXF = FZF. Since we can choose E n G A and E' n £ B such 
that F n = A — > 1 in the strong operator topology, F n XF n = F n ZF n implies that 
X = Z by Theorem 3 of [T8] . 

Note that if T G iT(jVt) is a positive operator, then there is a normal separable diffuse 
abelian von Neumann subalgebra of M. that contains T. Therefore, ip{T) = t(TX) for all 

positive operators T G J{M) and hence for all operators in J{M). Since X G ^"(•^)| t |) 

by TheoremHEITl ^(T) = r(TX) for all T G J{M) VV By LemmadEHl ||^|| = |||X||| # . □ 

Corollary 11.6. For 1 < p < oo, L q (A4,r) is the dual space of L q (A4,r) in the sense of 
Question 1, where - + - — 1. 

The following theorem is a corollary of Theorem 111.51 

Theorem 11.7. Let M. be a type factor (or B(7i)) , |||-||| be a unitarily invariant norm on 
J(M) and I • |||i be the symmetric gauge norm on J7"(-L°°[0, oo)) (or J7"(/°°(N)) respectively) 
corresponding to ||| • ||| on J(M) as in Theorem lg.^1 Then the following conditions are 
equivalent: 

1. t/(-A^)i|.| is a reflexive space; 

2. J'(L°°[0, oo)). J,, (or l 7(/°°(N)) respectively) is a reflexive space. 
Corollary 11.8. For 1 < p < oo, L p (Ai,r) is a reflexive space. 

Example 11.9. By Theorem 15.121 and Theorem 111.71 for < t < oo, A^|.|, t) is not a 
reflexive space. 
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